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PREFACE. 


Tue ground covered by this book includes those portions 
of Statics which ure generally read in an clementary course, 
and for which little or no knowledge of Trigonometry is 
required. It may, with advantage, be read after the same 
authors’ Dynamics, as the latter book gradually leads up to 
the Parallelogram of Forces, which forms the basis of Statics. 
Kut this course is quite optional, for the present book assumes 
no previous knowledge of Dynamics, and the few dynamical 
facts and definitions required for the proof of the Parallelo- 
gram of Forces are briefly recapitulated in the first chapter. 

Every cndeavour has been made to remove, as far as 
possible, all difficulties usually experienced by beginners 
when reading Statics for the first time. For this reason, 
hints and explanations have been freely given wherever it 
scemed desirable, and the important propositions have been 
profusely illustrated by worked-out examples. In scveral 

cases these examples precede instead of folowing the general 

investigations, and it is hoped that the reader will thus the 
better learn how to work out similar examples from first 
principles instead of merely obtaining their answers by 
quoting certain formule from memory and substituting 
numerical values in them. 

In most text-books on Statics, the Mechanical Powers are 
collected together in a chapter near the end, and a separate 
chapter also is usually devoted to ‘ Virtual’? Work. After 
much careful deliberation, we have decided to depart from this 
plan. The various machines are introduced as soon «s the 
principles on which they depend have been explained, and 
it is hoped that the ecarlicr chapters have thus been made 
more interesting. The Principle of Work is freely employed 
throughout the book as furnishing verifications or alternative 
proofs of results which have been established independcntly. 
Those who wish to omit all considerations relating to Work 
will have no difficulty in doing so, as the sections in question 
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have been kept distinet and can readily be picked ong by 
their headings. 

Among other special features of the book, we may, perhaps, 
call attention to the modification of Newton’s proof of the 
Parallelogram of Forces (p. 5), the simple expression fur 
the resultant of two forces inc luding any angle (p. 26), the 
PE conditions of equilibrium of three “parallel forces 
(pr. BO), Ke, 

The general arrangement iw the same as in the authors’ 
Dynamics. Two sizes of type are used, all the important 
bookwork being printed in the larger type, while hints, 
explanations, examples, alternative proofs, and a few of the 
Jevs important theorems are printed in smaller type. Those 
artidles which deal with the fundamental principles of the 
subject—such as the Parallelogram of Forces—have their 
numbers as well as their headings printed in dark type (thus 
—136). These the student should he able to reproduce 
from memory. 

Wis hoped that the “Summary of Results” at the end of 
cach chapter will prove of use in facilitating a final revision 
ef the whole subject. 

Where results are given as corolla tes, it is not m most 
cases sufficient ino proving them to quote the result of the 
proposition on which thes depend, the student will do well 
to write out complete proofs, employing, us far as desirable, 
the sane methods of proof us are used for the propositions 
themselves. 

In the letterpress, letters which denote poets in figures 
are printed thus— P,Q. so that PQ will denote a line and 
PQR an angle or a trimele — Letters denoting algebraic 
magnelides, such as forces, are printed in ordinary italies 
thus—/?, Q, so that PQ and PQ Acenote products of two 
and three algebraic quantities, respectively. tn a few of 
the tigures this rule has not been adhered to where no 
contusion is likely to arise. 

Our thanks are due to Mr. F. Rosenberg for the great care 
and trouble he hus taken in revising the proofs. 

W. 2B. 
BURLINGPON Hlovsr, G. H. B. 
CAMBRIDGE ; 
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PART I. 
EQUILIBRIUM OF FOROES AT A POINT. 


CHAPTER I. 


THE PARALLELOGRAM OF FORCES. 


1. Statics is that branch of Mechanics which deals 
with forces applied to a body or a number of bodies at 
rest. 

For the present we shall only consider the properties of 
forces applied to a single particle. In Chap. IV. we shall 
treat of forces acting on a body of extended size. 


2. Force is defined as that which changes or tends to 
change a body’s state of rest or motion, 

A particle is a body whose size is so small that it may 
be regarded as a quantity of matter collected at a single 
point. 


3. Two forces are said to be equal if, when they are 
applied to the same body for equal intervals of time, they 
tend to impart the same velocity, or change of velocity, to 
the body. 

If one force imparts double the change of velocity that 
would be imparted on the same body in an equal interval 
of time by another force, the first force is said to be double 
the second, and so on. Thus forces are proportional to 
the velocities they would impart to the same body in 
equal intervals of time. In this way different forces may 
be compared, and the magnitude of a force may be 
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measured in terms of any force which is chosen as the 
standard or “ unit of force.” 

The direction of a force is defined as the direction of 
the velocity which it tends to impart to the body on 
which it acts. 

Thus force is characterized by having both magnitude 
and direction. 


4. When a force is applied to start a body from rest, the actual 
distance traversed in any time is proportional to the force*, and the 
actual direction of motion is the direction of the force. Thus, if a 
body initially ut rest is pulled with a force of 2 lbs., it will move in the 
direction in which it is pulled, and the distance which it will move 
over in one minute will be twice what it would move over if pulled 
by a force of 1 1b. for the same time. 


5. Equilibrium.— Resultant force.-—- If two equal 
forces act on the same particle in exactly opposite direc- 
tions, the motion which one force tends to impart is 
exactly the reverse of that which the other tends to 
impart. The particle cannot move in opposite directions 
at the same time, and there is no reason why it should 
move in one direction rather than the other. Hence it 
will remain at rest, and the two forces will be said to 
balance, or be in equilibrium. 

When several independent forces are applied simulta- 
neously to a single particle at rest, the particle may either 
remain at rest or begin to move in some direction. 

lf it remains at rest, the forces are said to balance, or 
be in equilibrium. 

If it starts into motion in any direction, this motion 
must be the same as would be produced by a certain 
single force of suitable magnitude applied in that direc- 
tion. This force is called the resultant of the several 
forces. 

Conversely, any forces which have a given force for 
their resultant are called components of the given force. 

It should not be forgotten, however, that forces are in equilibrium 


when the body on which they act moves uniformly in a straight line 
just as well as when it is at rest (Dynamics, § 1938). 





* See Dynamics, Chap. VI. This follows at once from the equations 
Pamf, s=iftt. 
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6. Systems of forces.-—— The forces with which we 
shall deal in Statics will always be supposed to be kept 
in equilibrium. But it is often necessary to consider 
the properties of some of the forces apart from the rest. 
Any number of forces may be called a system of forces, 
and may subsequently be referred to as “the system” to 
avoid repeatedly specifying what forces are meant. 

When a number of forces have a resultant we may 
reduce them to a system in equilibrium by applying an 
additional force equal and opposite to that resultant. 
For the whole system is then equivalent to two equal and 
opposite forces (viz., the original resultant and the added 
force), and is therefore in equilibrium. 

Conversely, when any number of forces are in equili- 
brium, each force is equal and opposite to the resultant 
of all the rest taken together. 


7. Point of application of a force.—The conditions 
of equilibrium of a system of forces do not depend on the 
nature and mass of the body on which they act, but only 
on the forces themselves. We may, therefore, speak of a 
force as acting at a point, meaning a force “‘ applied to 
any particle placed at that point.” And the point of 
application of the force is “the point at which the 
particle acted on by the force is situated.”’ 


These must, however, be regarded merely as abbreviations, for 
force can only act where there is matter for it to act on. 


5. Statical units of force.—The forces which occur 
most frequently in Statics are those due to weiyht. Hence 
the most convenient statical unit of force is the weight of 
a pound, and this we call “a force of 1 lb.’ Larger forces 
may, however, be measured in hundredweights or tons. 

If the French system of weights and measures is used, 
the statical unit of force will be the weight of a gramme 
or of a kilogramme (1,000 grammes), according to which 
is the most convenient. 

Thus, in Statics, forces are always measured in gravitation 
unite unless otherwise stated. 
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9. Forces may be represented by straight lines. 
—In order to cumpletely define a force, it is necessary to 
specify (i.) its point of application, 

(ii.) its direction, 
(ili.) its magnitude. 
All these data will be specified by a straight line of 
finite length, provided that 
(i.) the line is drawn from the point of application 
of the force, 
(ii.) it is drawn pointing in the direction of the force, 
(iii.) its length is proportional to the magnitude of 
the force. 

Such a straight line is said to represent the force. 

The sense of the direction may be shown by an arrow 
drawn on or by the side of the line, or by the order of the 
letters used in naming the line. Thus AB represents a 
force acting from A towards B, BA a force acting from B 
towards A. 


10. On the choice of a scale of representation.— In ordor 
that the length of a straight line may represent the magnitude of a 
force, the line should properly contain as many units of length as the 
force contains units of force. Thus, if a line 1 inch long represents 
a force of 1 lb., a line 2 inches long will represent a force of 2 lbs., 
and soon. Very often, however, it is necessary to adopt some other 
scale of representation suggosted by the conditions of the problem. 
We may so choose the scale of representation that one of the forces is 
represented by a straight line of any length ue please. When this has 
been done, a line of double the length will represent double the 
force, and so on, so that the lines ropresenting all the other forces will 
then be fully determined. 

Thus it might be convenient for some reason to agree to represent a 
force of 7 Ibs, by a length of } inch. On this scale a length of $ inch 
would represent a force of 14 lbs., and so on. 

11. It is often necessary to represent a force in magnitude and 
direction only by a straight line ot drawn from its point of applica- 
tion. A force will be represented to this oxtent by any straight line 
drawn equal and parallel to the line which fully represents it, for 
parallel straight lines are to be regarded as having the same direction. 
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12. THE PARALLELOGRAM OF FORCES.— 
If two forces acting on the same particle be repre- 
gented by two adjacent sides of a parallelogram, 
drawn from their point of application, their resul- 
tant shall be represented by the diagonal of the 
parallelogram drawn from that point. 


Let two constant forces P, Q be applied to a particle at 
rest at A, in directions AB, AC, respectively. 

Let AB be the distance the particle would traverse in 
a given time ¢ if it were set in motion by the constant 
force P alone. 

Let AD be the distance traversed in the same time if 
acted on similarly by Q alone. 

Complete the parallelogram ABCD. 

Then shall AC be the distance traversed by the particle 
in the time ¢ if set in motion by both forces P, Q acting 





— 


A P 6 


Fig. 1. 


on it simultaneously in directions parallel to AB, AD, 
respectively. 

Also AB, AD shall represent the forces P, Q, and AC 
shall represent their resultant. 


(i.) For, since the force Q always acts parallel to the 
line BC, it can have no effect in changing the rate at 
which the particle approaches BC in consequence of the 
other force P. Therefore the particle will reach the line 
BC in the same time, whether the force Q be applied or 
not. Therefore at the end of the time ¢ it must be some- 
where in the line BC. 

Similarly it must be somewhere in the line DC. 
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Therefore at the end of the time ¢ the particle must be- 
at 0, the intersection of AC and DC. . 

Therefore AC is the distance actually traversed in the 
time ¢. 


£L 


(ii.) Hence the resultant of P and Q must be that force 
which would move the particle from rest along A@ in the 
time t. It must thorefore act in the direction AC. 

And since the distance traversed in the given time ¢ by 
a particle starting from rest is proportional to the force 
acting on it (§ 4), therefore AB, AD, AC are proportional 
to P, Q and their resultant. 

Therefore AD represents Q on the same scale that 48 
represents P, also AC represents the resultant of P and Q 
on the same scale. 

Therefore the resultant is represented by the diagonal of the 
parallelogram whose sides represent the two forces.* {Q.E.D. | 


13. Experimental verification of the Parallelogram 
of Forces. 


(a) Mecuanicat Detaits.— Take three strings; knot 
them together in a point. To their ends attach any three 
weights P, Q, R, say P, Q, Blbs., respectively (any two of 
which are together greater than the third). Allow one 
string to hang freely with its suspended weight A, and 
pass the other two over two smooth pulleys H, X, fixed in 
front of a vertical wall (Fig. 2). 


(b) GeometricaL Construction. — When the strings 
have taken up a position of equilibrium with the knot at 








* The above proof is an adaptation of Newton's original proof to the case of 
constant forces. The usual “dynamical” proof is given in Dynamics, § 171. 
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A, measure off along AH, AK lengths AB, AD, containing P 
and @ units of length, respectively. On the wall com- 
plete the parallelogram ABCD, and join AC. 





Fig. 2. 


(c) OsserveD Facts.—Then it will be invariably found 
(i.) that the diagonal AC is vertical, 
(ii.) that AC contains R units of lenyth. 


(d) Depuctions.—Now the knot A is in equilibrium 
under the pulls P, Q, & acting along the strings, respect- 
ively. Therefore the resultant of P, Q is equal and 
opposite to the weight J. 

Therefore it is a force of RK Ibs. acting vertically 
upwards. 

But AC is vertical, 

AC represents the resultant in direction 

Also AC contains FR units of length ; 

.. AG represents the resultant in magnitude. 

But AB, AD represent the forces P, Q. 

Therefore the diagonal of the parallelogram represenis the 
resultant of the two forces which are represented separately 
by its sides. [Q.E.D.] 
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14. Fig. 2 is drawn for the case in which P = 2 lbs., @ = 3 Ibs., 
R=41bs. The measured lengths AB, AD must therefore contain 
2 and 3 units of length respectively. When the parallelogram is 
constructed, the diagonal AC will be found to be vertical and to 
contain 4 units of length. 


OnseRvaTion. — Each experiment proves the Parallelogram of 
Forces to huld good for one particular set of forces only. To give 
a satisfactory proof it would be necessary to perform a large number 
of such experiments, using different arrangements of weights each 
time. 


Example.—To find the resultant of forces of 7 Ibs. and 11 Ibs., 
whose directions include an angle of 60°. 

Take any unit of length and measure off AB, AD containing 7 and 
11 units respectively, making 4 BAD = 60°. Complete the parallelo- 
gram ABCD. 


D C 





A 7lbs B E 


Fig. 3. 


Then AC represents the resultant. 

On AC mark off from A a scale of the selected units. Then C will 
be found to lie between the 15th and 16th marks, so that AC contains 
about 154 units. 


Therefore the resultant force = 153 Ibs. wt. roughly. 


16. Half the parallelogram is sufficient. Since BC is equal and 
parallel to AD, it represents the furce Q in magnitude and direction, 
but not in position (asin § 11). Hence, if two forces acting on a 
particle are represented in magnitude and direction only by two sides 
of a triangle, AB, BC, their resultant is represented in magnitude and 
direction by the third side AC. 
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16. The Triangle of Forces. — If three forces acting 
on the same particle can be represented in magnitude and 
direction (but not in position) by the sides of a triangle taken 
in order,* they shall be in equilibrium. 

Let three forces P, Q, f, acting on the same particle 
at 0, be represented in magnitude and direction (but not 


A DD 
0)-—--———> P 
R B C 
Fig. 4. Fig. 5. 
in position) by the sides BC, CA, AB of the triangle ABC, 
respectively. 


Then shall the forces be in equilibrium. 

Complete the parallelogram ABCD. 

Then the forces R, P are represented in magnitude and 
direction by AB, AD, and they act at 0. Hence, by the 
Parallelogram of Forces, their resultant is similarly 
represented by AC, and also acts at 0. 

But Q is represented by CA. 

Therefore the resultant of R, P 1s equal and opposite 
to the third force Q. 

Therefore the three forces are in equilibrium. [Q.E.D.]| 


OBsERVATIONS.—The three forces must not act along the sides of the 
triangle. They must act at a point in directions parallel to these 
sides, as in Fig. 5; otherwise they cannot be applied to the same 
particle, and the proof fails. 

The angle between any two forces is the supplement of the corre- 
sponding interior angle of the triangle. Thus 

Z between R, P (i.e.. ROP in Fig. 5) = 2 BAD = 180°~ 2 ABC. 


ree et ee 





* The sides of a triangle or polygon are said to be tuken in order when of any 
two adjacent sides one is drawn towards and the other away from their common 
angular point. 
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17. Converse of the Triangle of Forces. 

lf three forces acting on a particle are in equilibrium, 
any triangle whose sides are parallel to the directions of 
the forces shall have the lengths of these sides proportional 
to the magnitudes of the forces. 

Let P, Q, & be three forces in eqnilibrinm acting at 0, 
and let ABC be any triangle whose sides BC, CA, AB are 
parallel to P, Q, FH. 

Then, if the scale of representation be properly chosen, 
BC, CA, AB shall represent P, Q, Rin magnitude as well 
as direction. 

For let the length BC be chosen to represent P. (§ 10.) 

If CA does not represent Q, let CK represent Q. 

Then, by the Parallelogram or Triangle of Forces, the 
resultant of P and Q is represented by BK. But P,Q, BR 


Q 





R 
Fig. 6. Fig. 7. 

are in equilibrium. Hence & must be represented by the 
line KB, equal and opposite to the resultant BK. But, by 
hypothesis, # acts in the direction AB. Therefore Q 
cannot be represented in magnitude by any other length 
than CA, and therefore also, by the above reasoning, F is 
represented by AB. 


OnsexrvaTion. — The above condition may be expressed by the 
P88 Q_CGA R AB 
@ CA R AB P-— Be’ 
Fe ee 
BC CA AB 
It is proved in Euclid, Book VI., Prop. 4, that any triangle whose 
angles are oqual to those of ABC has its sides proportional to those of 
ABC. Henco, if any triangle be drawn whose sides are parallel to BC, 
CA, AB, these sides will also represent P, Q, P, but on a different scale. 


relations which may also 


be written 
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18. The Polygon of Forces.—If any number of forces 
acting on the same particle can be represented in magnitude 
and direction by the sides of a closed polygon taken in order, 
they shall be in equilibrium. 

Let the forces P, Q, R, S, acting on a particle at 0, be 
represented in magnitude and direction (but not in 


Q. 





S 
Fig. 8. Fig. 9. 


position) by the sides AB, BC, CD, DA of a polygon ABCD. 

Then shall the forces be in equilibrium. 

For, as in the Triangle of Forces, or § 15, the resultant 
of the forces P, Q is represented in magnitude and direc- 
tion by AC. 

Therefore the resultant of P, Q, # is the same in mag- 
nitude and direction as that of forces AC and CD, and 
therefore similarly represented by AD. 

But the force rf is represented by DA. 

Therefore S is equal and opposite to the resultant of 
P, Q, R. 

Therefore the forces P,Q,F,S are in equilibrium. [Q.E.D.] 

The observations at the end of § 16 are equally applicable to the 
Polygon of Forces. 

We have considered the case of four forces, but tho proof may be 
Similarly extended to any number of forces. 


19. To construct the resultant of any number of 
forces acting on a particle. 

Let the given forces be represented by the straight 
lines AB, BC, CD, taken in order, forming all the sides but 
one of a polygon. Then, if the polygon be completed by 
drawing the remaining side from A, the extremity of the 
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first side, to D, the extremity of the last side, the line AD 
will represent the resultant force. 
This is evident from the last article. 


It ts immaterial in what succession the forces are represented. The 
form of the polygon will depend on which force is represented first, 
which next, and so on; but the line representing the resultant will 
be the same in every case. 


For, consider the case of two forces P, Q, acting at A (Fig. 1). If 
we represent P first and Q second, the lines representing them will be 
AB, BC, respectively, and the resultant will be represented by AC. 
If we represent Q first and P second, the lines representing them will 
be the opposite sides AD, DC, respectively, and therefore the resultant 
will still be represented by AC. The same property may be extended 
to any number of forces by interchanging their onder of succession of 
representation, taking two at a time. 


20. Converse of the Polygon of Forces. 


If any number of forces acting on a particle are in 
equilibrium, a closed polygon can be drawn whose sides 
represent these forces both in magnitude and direction. 

Let the forces P, Q, R, S. acting at O, be represented 
by AB, BC, CD, DE, respectively, these lines being joined 


Ss 
Fig. 10. Fig. 11. 


end to end. Then, if the figure ABCDE is not a closed 
olygon, the forces will have a resultant represented by 
AE (§ 19), and will, therefore, not be in equilibrium. 
Therefore the lines representing the forces must be 
capable of being formed into a closed polygon. 
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21. The converse of the Polygon of Forces 
is less complete than that of the Triangle.— 
For, if there are more than three orces, 
we can draw any number of different 
polygons, such as ABCD, ABcd (Vig. 12), 
each having its sides parallel to the direc- 
tions of the forces. The sides of each 
polygon represent @ system of forces in Fig. 12. 
equilibrium acting in these directions, but 
this is not necessarily the system considered. Hence there aro any 
number of such systems all different. For example, a particle could 
be kept in equilibrium by three forces acting in any three of the 
‘given directions only. We cannot, therefore, except in the caso of 
three forces, determine the ratios of the forces from knowing their 
directions. 





22. Applications of the Parallelogram, Triangle, 
and Polygon of Forces. 


(1) The resultant of two equal forces bisects the angle 
between them. 


(2) If any three forces are in equilibrium, any two of the 
forces are together not less than the third. For, in the 
Triangle of Forces, any two sides are together greater 
than the third (Euc. I. 20). 

If two forces are together equal to the third, they will balance if 


the first two forces act in the same straight line and in the opposite 
sense to the third. 


(3) The resultant of two forves P, Q 1s greatest when 
both act in the same direction, and is then P+Q. It is 
least when they act in opposite senses in the same straight 
line, and is then cither P—Q acting in the direction of P 
or Q—FP in the direction of Q. 

[This is obvious from (2). ] 


(4) If three equal forces are in equilibrium, the angle 
between any two of them is 120°. For the Triangle of 
Forces is equilateral ; therefore each of its angles is 60°, 
and the angle between the corresponding pair of forces 


= 180°—60° = 120°. 
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(5) The Perpendicular Triangle of Forces.— Tf three 
forces proportional to the sides of a triangle act on a 
particle in directions perpendicular to these sides taken 
in order, they shall be in equilibrium. 





Fig. 18. 


For if the triangle ABC be turned through a right 
angle into the position DEF, its sides, taken in order, 
will be brought parallel to the forces, and will therefore 
represent the forces both in magnitude and direction. 
Therefore they will be in equilibrium. 

(The student may satisfy himself of the legitimacy of this proof by 
cutting out a triangle in paper and placing it in the two positions 
ABC, DEF in succession. ] 


(6) The Perpendicular Polygun. — Generally, if any 
number of forces proportional to the sides of a closed 
polygon act on a particle in directions perpendicular to 
these sides taken in order, they shall be in equilibrium. 
For, on turning the polygon through a right angle, it will 
become the Polygon of Forces. 


(7) If two forces be represented by the D 
sides of a triangle both drawn from 
their point of application, their resultant 
as represented by twice the bisector of the 
base drawn ye that pownt, B 

For let AB, AD represent the forces. Fig. 14. 
Complete the parallelogram of forces 
ABCD; then AC represents the resultant. But the diagonals 
of a parallelogram bisect each other. Hence AC bisects 
BD in E, and AC is twice the length of the bisector AE. 
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(8) Tofind where a particle 
O must be placed inside a tri- 
angle ABC so that it may be 
in equilibrium under forces to 
the vertices represented by OA, 
0B, OC. 

Let D be the middle point 
of BC. Then, by the last 
proposition, the forces OB, 
OC have a resultant 20D 
along OD. This must be Fig. 15. 
equal and opposite to the 
third force 0A. Hence 0 must lie on the bisector AD at 


a point such that OA = 200. 
DA=3D0 and DO=2DA. 





23. Example. —- Two forces act along the A 
sides AB, AC of a triangle, and are represented 
in magnitude by AB and three times AC respec- 
tively. To find where their resultant cuts the 
base, and to determine its magnitude. 
Let the resultant cut the base in 0. Then, 
by the Triangle of Forces, the force AB is 
equivalent to forces AO along AO, OB at A 
parallel to OB. 


Similarly the force 3AC along AC is equivalent 5» DO 
to forces 3A0 along AO, 30C at A parallel to OC. Fie. 16 
Therefore the two given forces are equivalent te 20 


to one of 4A0 along AO, OB and 30C in opposite directions parallel 
to BC. 


If the resultant acts along AQ, the two latter forces must balance. 
OA = 300, and .. BC = 400; 
OC = +8C, and BO = £BC. 

Also the resultant is the remaining force, viz. 4A0 acting along AO. 


24. Two forces act along two sides of a triangle, 
and their magnitudes are given multiples of these 
sides. To find their resultant. 


Case 1. Let the forces be m.AB acting along AB, and 
n. AC along AC (Fig. 17). 
Let their resultant cut the base BC in 0. 
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Replace each force by two component forces along AQ, 
AE and parallel to BC. 





Fig. 17. Fig. 18. ° 


Then, by the Triangle of Forces, the force m.AB is 
equivalent to forces m.AQO along AO, 
m.OB at A parallel to OB. 
Similarly, the force n. AC is equivalent to forces 
n.A0O along AO, 
n.O€ at A parallel to 0C. 


Hence the two forces together are equivalent to 
(m+n) AO along AO, 
n.OC—m. BO at A parallel to BC. 
But, if the resultant acts along AO, the latter component 


must vanish. 
n.0C=m.B0; 
(m+n)0C = m(B0+00) =m. BC, 
(m+2) BO = n(80+00) =n. BC; 


BO=—"—B8C, OC=—~—-BC; 
m+n mtn 
which determine Q. 
Also, the resultant is the remaining force, (m+n) AO 
acting along AQ. 


Case 2. Let the forces be m. AB acting along AB, and 
n.CA along CA (in the opposite sense to AC, Fig. 18). 

If m =n, the resultant is a force m.CB parallel to CB 
(§§ 15, 16). . 

If not, let the resultant cut CB produced in 0. 

The components of the force m.AB are m.AO and 
m.OB as before, but those of ».CA are represented in 
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magnitude, direction, and sense by ».@O and n.OA, 
respectively. Hence the two forces are now equivalent 
to forces (m—n) AO along AO, 
m.OB—n.0C at A parallel to BC; 
us before m.OB=n7.00; 
(m—n) OB = n(OC—OB) = 2. BC, 
(m—n) OC = m(OC—OB) =m. BC; 
0B = ——BC, 0C = -—~ BC; 
m—n m—n 
and the resultant is (m—n) AO along AO. 


[This case might be deduced from Case 1 by writing 
—n for n. | 

Example.—ABC is a triangle, and —E the middle BD 
point of BC. To find the resultant of forces at A 


represented in magnitudo, direction, and sense by 
2BA, 2AE, and AC respectively. 


E 
By the Triangle of Forces, the resultant of 
forces 2BA, 2AE is a force 2BE parallel to BC. = 
But 2BE = BC; therefore the three forces are * 
IN 
F 








Na 


equivalent to forces BC, AC acting at A. 
Produce BC to F, so that CF = BC. 
Then the two last forces are represented by 
CF, AC respectively, and they act at A. 
, oy the required resultant is represented Fig, 19. 
ry 


25. To find the magnitude of the resultant of 
two forces P, Q in directions at right angles to 
one another. 


Y 
D C 
R | 
Q 
A P B X 
Fig. 20. 


Let AB, AD represent the two forces P, Q. 
Complete the rectangle ABCD 


Op ay a 


18 STATICS. 


Then AC represents the resultant force. 
Let AC = k. Then, by Enclid I. 47, 
AC? = AB?+BGC" = AB’ +AD'; 
FR? = P?+Q? Serre eee eee eee ee: (1); 
resultant force Ii = J (P’?+0’). 

Example.—To find the resultant of three forces of 1 Ib. acting at a 
point, the angle between the first and second being 90°, and that 
between the second and third being 45°. 


Draw AD, DC, CE, each of A B 
unit Jength, parallel to the 


forces. Then AC represents the ~ 
resultant of the two first forces, 
and AE that of the three. E 


Now 
AC? = AD? + DC? = 174+1? = 2. 
Also AC is evidently the 
diagonal of the square ABCD ; 





2“. LACD = 45°. : c 
But, by § 17, Observation, Fig 21. 
£DCE = supplement of angle between forces = 180°—45° = 136°; 
. ACE = 90°; 


AE? we AC? 4+CE2 = 2412 = 3, 1.., AE = 4/3 = 1°732.... 

Therefore the resultant = 1-732 Ibs., approximately. 

On measuring Z BAE with a protractor, it will be found to be about 
10°. Hence the rosultant makes an angle of about 10° with the 
middle force. 

{As an exercise the student should draw the diagram on a large scale, and by 
actual measurement verify that AF is approximately 1°782 times AB.) 

26. Application to velocities and accelerations.— 
Since forces on a particle are compouuded by the same 
law as component velocities and accelerations, it follows 
that all the properties proved, both in this and the next 
chapter, hold equally good for component and resultant 
velocities or accelerations as well as for forces. 


SuMMARy OF REsUL's. 

A straight line can represent a force (i.) in point of 
application, (i1.) in direction and sense, (iii.) in magni- 
tude. (§ 9.) 

The Parallelogram of Forces.—If two forces acting on 
the same particle be represented by two adjacent sides of 
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a parallelogram drawn from their point of application, 
their resultant shall be represented by the diagonal of 
the parallelogram drawn from that point. (§ 12.) 
The Triangle and Polygon of Forcees.—If three or more 
forces acting on the same particle can be represented in 
magnitude and direction (but not in position) by the 
sides of a triangle or closed polygon taken in order, the 
shall be in equilibrium. (§§ 16, 18.) 
Converse of “ Triangle.” —If three forces (P, Q, I’) acting 
on a particle balance, any triangle (ABC), whose sides are 
parallel to the forces, shall have these sides proportional 
to their magnitudes (§ 17), or 
PoQik 
BC CA AB 
Converse of ‘‘ Polygon.” — If more than three forces 
balance, a polygon can be drawn whose sides represent 
them in magnitude and direction. (§§ 20, 21.) 
Resultant of forces m.AB and .A@ along AB, AC is 
force (m+n) AO along AO, where m.BO =1.0C@. (§24.) 
Resultant of two perpendicular forces J’, Q is 2, where 
TP = PP+ Q? wccceceeee (1). (§ 25.) 


EXAMPLES I. 

1. Draw a diagram, as well as you can to scale, showing the 
resultant of two forces, cqual to the weights of 6 and 12 lba., acting 
on a particle, with an angle of 60° between them; and, by measuring 
the resultant, find its numerical value. 

2. The greatest resultant which three given forces acting at a point 
can have is 30 lbs., and the least is 2 lbs. What is the magnitude of 
the greatest force ? 

3. The greatest resultant which three given forces acting at a point 
can have is 30 lbs., and the least is 0. Find the limits between 
which the greatest force must lie. 

4. ABC isatriangle. Find the resultant of forces at A represented 
in magnitude and direction and sense by 

(i.) 3AB and 5AC; (iii.) BA and 3AC; (v.) 4AB, 5AC, 6BC; 
(ii.) 2BA and 3CA; (iv.) 4AB and 5CA ; (vi.) 3AB, 4CA, 5CB. 
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5. A body is pulled north, south, cast, and west by four strings 
whose directions meet in a point, and the forces of tension in the 
strings ure cqual to 10, 15, 20, and 32 Ibs. weight respectively. 
What is the magnitude of the resultant ¢ 


6. Forces J’, 2P, 3P act at a point in dircctions parallel to the sides 
of an cquilatecral triangle taken in order. Find their resultant. 


7. Show how to find, graphically or otherwise, the resultant of a 
number of forces acting on a rigid body at one point, and apply your 
method to find the resultant of forces 1 in an casterly direction, /2 
in # north-casterly direction, and 1 to ‘the north. 


8. What angle must two forces of 5 and 12 Ibs. include if they are 
balanced by a force of 13 Ths, f 


9. Show that the resultant of two perpendicular forces P+ Q and 
I’~Q is equal in magnitude to the resultant of two perpendicular 
forces /2P and /W2Q. 


10. The sides BC, CA, AB of a triangle are bisected in D, E, F, 
rospectively. Find the resultant of forces represented by DA, EB, FC. 


11, ABC is any triangle. AtA are applied forces /.BC, 7.CA, m.AB, 
perallel to BC and along CA, AB, respectively. Show that their 
rosultant is the resultant of forces (s—/)AC along AC, and (#—/)AB 
ulong AB, and hence find where it cuts the base BC. 


12. ABDC is a parallelogram; F isa point in AC. Find a point F 
in BO such that the resultunt of forccs represented by AE and AF 
may act in the direction AD. 


13. If A, 8, C are any three points ina straight linc, 0 any point 
not in that straight linc; if a force represented in magnitude and 
direction by OA act from 0 to A; if a force represented in magnitude 
and direction by BO act from 8 to 0, and a force represented in 
magnitude and direction by CO act from C to 0; thon show that the 
resultant of these three forces cuts the straight line ABC in a point D 


such that AB = CD. 


14. Forces P, Q, whose resultant is 2, act at a point O, and a line 
is drawn mecting their directions in L, M, N; show that 


P/OL + Q/OM = RION. 


CHAPTER II. 


RECTANGULAR RESOLUTION OF FORCES. 


. 27. Resolution of Forces.— The Parallelogram of 
Forces tells us that any two forces acting on a particle 
ure equivalent to a single resultant force represented by the 
diagonal of the parallelogram whose sides represent the 
forces themselves. Conversely, if a single force be repre- 
sented by a straight line, and we draw any parallelo- 
gram having this line for a diagonal, the given force may 
be replaced by two forces represented by the sides of the 
parallelogram. 

In like manner, the Polygon of Forces (or rather the construction 
of § 19) tells us that a force represented by one side of a polygon may 
be replaced by a number of forces having the same point of applica- 


tion, and represented in magnitude and direction by the remaining 
sides of the polygon taken the other way round. 


DeFINITIONS.—The process of replacing a single force 
by two or more forces having that force for their resultant 
1s known as the resolution of forces, and is the reverse 
process to the composition of forces. 

The several forces are called the components of the 
given force. 

Thus we speak of resolving a force into components, and 
of compounding two or more forces into a single resultunt. 


To resolve a force into components in tivo given directions AB, AD, it i8 
only necessary to draw the straight line AC representing the given 
force, and to draw CD, CB throngh C parallel to BA, DA, respectively. 
Then, by the Parallelogram of Forces, AB, AD will represent the 
required components. 
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28. A force P is inclined at an angle A to a 
given line. To resolve I’ into components along 
and perpendicular to that line. 

Let AC represent the given force P, and AB be tho 
given line, so that 2 BAC = A. 

Draw AD perpendicular to —Y 
AB, and complete the paral- 
lelogram ABCD. Then AB, 
AD represent the two required = ¥ 
components. Let X, ¥ denote 
these components rospect- 





ively. A x BX 
Since BC is porpendicular Fig. 22. 
to AB, therefore, by definition (Trig., § 4), : 
cos BAC = AB and sin BAC = BC 
AC AC 
= AB = BC cosBAC = AC cosA 
and AD = AC sin BAC = AC sin A. 


X= Pecos. and Y= Psina..... (1). 


Cor. The student will have no difficulty in verifying 
the following important results :—* 











Whore the angle 4 = | 30° | 43° 
X = | bh Pp a/h _P 
The component 2 
, 42 /t. P 








Example.—(1) A force of 10 Ibs. makes an angle of 135° with a 
given line, ‘l’o resolve it into componcnts along and perpendicular to 
that line. 

Let XAC = 135°, and let AC represent 
10 Ibs. 

Produce XA to B, and complete the rect- 
angle ABCD. 

Then AB, AD represent the required com- 
ponents. 

Now ZBAC = 180°—35° = 45°. Fig. 23. 


* These result: 8s should either be remembered, or the student should be able to 
obtain them instantly. 
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Hence the components along AB and AD are 
AB = ACV = 10x3$/2 =x 54/2 lbs., 
AD = AC+/} = 10x 34/2 = 54/2 Ibs. 


But the force 5.4/2 lbs. along AB acts in the opposite direction to 
that in which AX is drawn; hence this force is to be regarded as a 
minus quantity. 

Therefore the required components are 


— 54/2 Ibs. along AX, + 54/2 lbs. perpendicular to AX. 
Alternative Method.—Or, by the formula (1) and Trig. § 18, we 
have at once 
X = 10c0s 136° = 10x —1/2 = —5 2 lbs., 
Y = 108in 130° = 10x 372 = +5 4/2 lbs. 


(2) Three forces of 5 lbs., 6 lbs., and 4 lbs. aro inclined to one 
another at angles of 120°. To replace thom by two forces acting 
along and perpendicular to the force of 6 lbs., and to find the 
resultant of the three. 


Let OP, OQ, OR represent the throe 
forces. Produce PO to B, and draw DOE 
perpendicular to OP. 

Then BOQ = BOR = 60°. 

Therefore the force 6 lbs. along OQ is 
equivalent to 


6 x 4 lbs. along OB 
and 6 x 4/3 lbs. along OD, 
or to —3 lbs. along OP 
and 3/3 lbs. along OD. 

Similarly, the force 4 lbs. along OA is equivalent to 
4x4lbs. along OB and 4x 44/3 lbs. along OF, 
or to —2 lbs. along OP and —24/3 Ibs. along OD. 
We also have the force 6 lbs. along OP. 
Therefore the three forces are equivalent to 
5—3—2 bs. along OP and 3./3—24/3 lbs. along OD, 
4.6., zero along OP and /3 lbs. along OD. 
Therefore the required resultant acts along OD, and its magnitude 
= 4/3 lbs. = 1°732 lbs. nearly. 
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29. Derinirion.—The resolved part or resolute of 
a force along a given straight line ig the component of 
the force along that line when the other component is 
perpendicular to that line. 

hus, Jet AB be the given straight line, and let the 
given force P be represented by AC. Drop CM perpen- 
dicular on AB. 

Then AM, MC represent the components of P along and 
perpendicular to AB. 

Therefore AM represents the resolved part of P alony AB. 


o C 


A N B mM 
Fig. 25. 


If a force is resolved into two components in directions which are 
not at right angles, these components are xvt the resolved parts of the 
force in these directions. 

For if any parallelogram ABCD be drawn, having AC as diagonal, 
AB, AD represent component forces, having P for their resultant, but 
AB dves not represent the resolved part of P along AM. 

Since AM = AC cos MAC, 

resolved part of P along 14 = i’.cos BAC, 
or the resolved part of a force ina given direction ow equal to the product 
of the force into the cosine of the angle whieh ati makes with the given 
direction. 

For the angles 30°, 45°, 60° the resolved parts are therefore 3/3 P, 
4/27, 47, respectively (§ 28, Cor.). 

If the angle is obtuse, the resolved part is considered negative, as 
in § 28, Exs. 1, 2. 

Example 2 of § 28 shows that the resultant of any number of forces 
may sometimes best be found by first resolving each force into two 


components at right angles. We shall now consider this method 
generally. 
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30. To find the resultant of any number of forces 

acting on a particle in one plane. 
et P,, P,, P,... denote several forces acting at A. 

Take any direction AX in the plane of the forces, and 
draw AY perpendicular to AX. Resolve each force into 
two components in the directions AX, AY (§ 28, Fig. 22). 

Let the components of P, be X,, Y,, respectively, 

7 99 2 99 “~*29 23 9 

and so on; these components being taken with the sign 
+ or —, according to the direction in which they act. 

Thus the system of forces is equivalent to forces X,, Xo, 
X,... along OX, and Y,, Y,, Y,... along OY. 

Now these forces may be compounded in any order (§ 19). 

Let us first compound together all the forces acting 
along OX. Then, if X denote their resultant, we have 


X = X,+X,4+ X,+.... 

Let us next compound together all the forces acting 

along OY. Then, if Y denote their resultant, we have 
Y= Y,+ Y,4+ Y,+.... 

The whole system of forces is therefore reduced to two 
known forces—X along OX, and Y along OY. Hence, if 
KR denote the final resultant of all the forces, we have, 
by § 25, 

R= N40? = (AANA... Pt (V+ V+... )? (2). 


OnservaTion.—The line OX may be drawn in any convenicnt 
dircction, but it is always advisable (and in fact necessary in all 
elementary problems) to draw this line in such a direction that the 
given forces make angles of 0°, 30°, 45°, 60°, or 90° with it or with 
its direction produced backwards through 0. It is best, when 
possible, to take OX in the direction of one of the component forces. 


Example.—(1) To find the resultant of two forces of 1 Ib. and 3 Ibs. 
inclined at an angle 30°. 
Resolve the second force into components along and perpendicular 
to the first. These components are 3 x 34/3 and 3 x } Ibs. respectively. 
Hence the two forces are together equivalent to forces 1+ 3/3 Ibs. 
and 2 lbs. acting along and perpendicular to the first force. 
Let their resultant be R. Then, by $ 23, 
Re = (14+ 3.73)2+ (3)? = 143V3 42742 = 1043V8; 
R= V(10+3/3) = V(104+3% 1°732) = /15°196 ; 
the resultant = 3-898 Ibs. nearly. 
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31. To find the magnitude of the resultant of 
two forces inclined to one another at any angle.— 
We shall now show that 

Square of resultant of two forces = sum of squares of 
components + twice product of one force into resolved part 
of the other force along wts line of action. 

Let AB, AD represent the components P, Q. 

Complote the parallelogram ABCD. Then AC representa 
the resultant Iv. 

Drop CM, DN perpendicular on AB. 

Then BM = AN = X, the resolved part of Q along AB. 





Fig. 26. 
By Eue. IT. 12, AC? = AB?+BC?+2AB. BM. 
Therefore R= P+ GV +OAPyX oc... (3). 


If ZBAD is obtuse, X is negative, and ZABC is acute, and the 
same thing follows from Kuc. II. 13. 


Cor. 1. By § 28 we havo X = Qcos (angle between P and Q), 
which for brevity we shall writo = (Q cos (/’, Q). 
Therefore the above relation may be writtcn 
Re = PP OEP+IPR COB (WP, Q) oo. ceee eee (3a). 
Observe that the same formule are also applicable to veloci- 
ties and accelerations. 


Cor. 2. 





Ifthe z between 
the forces is 0° 30° | 45° 60° 











then J?? = 
FP? + Q? 
a / fs fs 
2PQ times} + “1/4 “4 U2) 4 v1 


—— tee 
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We can now write down these results in a form which 
can be easily remembered :—* 


For 0°, R= P+Q + /&.PQ; 
30°, P= P+ Q + JS3.PQ; 
45°, = P?'+ F&F + Y2.PQ; 
60°, RMe=- P+ EF + f1.POQ; 
90°, P= P+@ + JfO.PQ; 
120°, RP=z P+ GY — f1. PQ; 
135°, R= P+ — Sf2.PR; 
150°, P= P+Ce— Y3.PQ; 
180°, Rr? P+ QC — J4.P. 


Examples.—(1) To find the resultant of forces of 7 lbs. and 11 lbs. 
inclined at an angle of 60°. 


The rosolved part of the second force in the direction of the first 
= 11 cos 60° = 54 lbs. 
Thorefore, if the resultant contains 2 lbs., 
R? = 7241124+2.7. 54 
= 494121477 = 247, 
whence Kk = 247 = 15°716 lbs. wt. (ef. § 14, Ex.). 


(2) To find the resultant when the same forces include an angle 
of 120°. 


If the direction of the 7 lb. force is produced backwards, the 11 Ib. 
force will be found to make an angle 60° with it. Hence the resolved 
part of the latter force is 54 lbs. in the reverse direction to the 
7 1b. force. It must therefore be considered negative and called 
— 52 lbs. 


Hence Ae? = 774+1124+2.7.(—62 
= 49+121—77 = 93, 
whence R= /93 = 9°643 lbs. wt. 





* These results may be committed to memory, but we recommend the student 
to deduce them from the formula A? = P?+Q2+2PX, See appendix on Trigonometry. 
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32. To find the resultant of two forces P, Q, when the angle between 
thetr directions is any multiple of 15°. 

In § 31, Cor. 2, the expressions for the resultant are given for all 
angles that are multiples of 15°, with the exception of 15°, 76°, 
106°, 166°. 

If the angle between the forces has any one of these four values, 
we must draw two perpendicular lines 0X, OY inclined at angles of 
45° to the direction of ono of the forces, say 7, Then it will be seen 
from Figs. 27-30 that the other force Q makes angles of 30° and 60° 
with the lines OX, OY, or these lines produced. Hence the forces 
P, Q can be replaced by their components along OX, OY. asin § 28, 
Cor. 1, and their resultant may be found as in § 30. 





@ 
= 
x 
Fig. 27. Fig. 28 
Angle between forces = 15°. Angle between forces = 765°. 





Fig. 29. Fig. 30. 
Angle between forces = 108°. Angle between forces = 168°. 


RECTANGULAR RESOLUTION OF FORCES, 29 


Example.*—To find the resultant of two forces of 4 lbs. and 2 lbs. 
inclined at an angle of 165°. 


Let OP, O@ (Fig. 50) represent the directions of the forces of 2 lbs. 
and 4 lbs. 

Draw XOx making an angle 45° with OP, and draw YOy perpen- 
dicular to XOx. 


Then 2x0Q = POQ—POY—YOx = 165°—45°—90° = 30, 
ZQOy = 60°. 
Therefore the components of the force of 4 lbs. acting ane OP are 
4x /t or 2/2 lbs. along OX, 
4x V3 or 2/2 Ibs. along OY; 
and the components of the force of 2 lbs. acting along 0@ are 
2x44/3 or 4/3 Ibs. along Ox, 
2x4 or 1 lb. along Oy. 
Therefore the given forces are equivalent to forces X, Y along 
OX, OY, where X = 2V2— 443, 
Y= 2/21. 
Therefore, if 2 be the required resultant, 
R* = X74 VY? = (2/2— V3)? + (2./2—1)¢ 
= 8—4./64+34+8—4V/7241 
= 20-4 (/6+ V2) = 4(5— /6— V2); 
R= 2/7 (5- /6— V2) lbs. 
= 2°13 lbs. approximately (by calculation). 


33. Conditions of equilibrium.—In ordcr that a 
system of forces acting on a particle in one plane should 
be in cquilibrium, it is necessary and sufficient that the 
sums of the resolved parts of the forces along two straight 
lines at right angles should be separately zero. 

Let OX, OY be two straight lines at right angles. Then, 
by § 30, we may replace the given forces by two forces 
X, Y, acting along OX, OY, such that 


X = X,+X,+...=sum of resolved parts of forces alongO0X, 


Y= Y,+Y,.+..= ” ” 9 ” OY; 
and the resultant Kis given by 
R? = X'?+ Y', 








Se ee ee st A: 





* For examples ot the other three cases, see Worked Examples in Mechanics, 
pages 83, 34. 
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Now two forces cannot be in equilibrium unless they 
act in the same straight line. Hence, for equilibrium, 
we must have 


O = X = sum of resolved parts along OX, 
—0= Y= 9 ” 9 29 OY. 


Conversely, if these two conditions are satisfied, R =0, 
and the forces are in equilibrium. 


OxsservaTions.—If X were zero and Y were not zero, the forces 
would have a resultant Y perpendicular to OX. 

The proposition shows that, if the forces are in equilibrium, the sum of the 
resolved parts along erery straight line is zero. But this will necessarily be the 
ease if the sums of theirresolved parts along Meo perpendicular straight lines is zero. 

The same thing is true if the two straight lines are uot perpendicular. For, 

the forces were not in equilibrium, their resultant would have to be perpendicular 
to both lines, which is impossible. 


Example. —'To show that three forces of /2 Ibs., 2 lbs., and 
(./3—1) Ibs. acting on a particle are in equilibrium if the second and 
third include an angle of 150°, and the third and first an angle of 45°. 

Let OP, OQ, OR bo the lines of action of the forces. 





Fig. 31. 


Take any point X on OR. Produce XO to x, and draw YOy 
perpendicular to it. 
Then the components of the force of 2 lbs. ulong OP are 


1 Ib. along OX and 1 Ib. along OY. 
The components of the force of 2 Ibs, along OQ are 
73 Ibs. along Ox and 1 Ib. along Oy; 
and we have also a force of /”3—1 Ibs. along OX ; 
.. the three forces are equivalent to forces of 
l= /3+ /3—1 lbs. along OX, 1—1 lbs. along OY. 


But these are each zero. 
Therefore the forces are in equilibrium. 
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*34. Lami’s Theorem.— If three forces kecp a particle 
an equilibrium, each force ts proportional to the sine of the 
angle between the other two. 


Let the forces P, Q, R act along OP, 0Q, OR. If 
they are in equilibrium, we have, by § 32, 


sum of resolved parts perpendicular to OR = 0. 


But R has no resolved part perpendicular to OR. 
Therefore resolved parts of P, Q perpendicular to OR 
are equal and opposite. 


Q 


Fig. 32. 


P sin ROP = Q sin QOR. 
P _sinQOR 


sin ROP’ 
Similarly, by resolving perpendicular to OP, we have 
Q _ sinROP 


Kk sin POQ’ 
a ee = Qe = fk (4) . 
sinQOR sinROP  sinPOQ ~" ” / 
as was to be proved. 


[This relation can also be deduced from the Triangle of Forces, by means of 
a well-knowa theorem in Trigonomstry which asserts that in any triangle 
each side is proportional to the sine of the angle between the other two.) 
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35. To find the direction of the resultant of two 
given forces X, I acting at right angles. 

If the forces X, Y are represented by AB, AD, their 
resultant is represented hy A@, the diagonal of the paral- 


Y 


A X B X 
Fig. 33. 


lelogram ABCD. Also, since X, Y are at right angles, 
the angle ABC is right. j 
Henco, by the definition of the tangent (Trig. 4), 


BC _ Y 
tan BAC = 3 = oe .. (8). 
AB X <8) 
This determines the tangent of the angle BAC, and 
from it the angle itself may be found. 
If tun BAC is 4/3, 1, or 3, we know that the corresponding 
values of the angle BAC arc 30°, 48°, and 60° respectively. 
The magnitude of the resultant is 2? where 
R? = X24 ¥: (§ 25). 
Hence the resultant is completely determined both in magnitude 
and direction. 
Exanple.—Two forces of /3 lbs. and 1 Ib. include an angle of 
150°. To find the dircctiou and magnitude of their resultant. 
Replace the forces by two forces X, Y acting along and perpen- 
dicular to the direction of the force of 3 lbs. Then, as in § 28, 
X= V3—-1x}V3 = 34 V3 lbs., 


Pe 4 Ib. + 
ee ee iors 
x = 73 = tan 30°; 
the resultant makes an angle 30° with the force of ./3 lbs. 
Also Rex X74 Ve l+h Hl; 


.. resultant 2 = 1 lb. 
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36. Work.—Derinition.—If a particle c Pp 
be moved from A to @ under the action / | 
of a constant force P acting parallel to A BF 
AB, and if CB be drawn perpendicular to Fig. 34. 
AB, then the product 


P x (distance AB) 


is called the work done by the force on the particle in 
changing its position. (Dynamics, § 199.) 

The distance moved AC is called the displacement of the 
particle, and AB is called the projection of this displace- 
ment on the direction of the force. 

OnsERVATION.—This definition holds good whether the displacement 


AC is large or small, provided that the force ? remains constant while 
the particle is moving from A to C. 


37. The work done by a force is the product of 
the displacement of its point of application into 
the resolved part of the force in the direction of 
that displacement. 

Let AP represent any force P, and let the particle on 
which it acts be moved from A to @. Drop PM, CB per- 


p 
P 
a 
La ae 
A Cc M 
Fig. 35. 


pendicular on AC, AP. Then AM represents the resolved 
part of P along AC. Since the angles ACP and AMP are 
right, a circle whose diameter is CP will pass through 
B, C, M, P, and therefore, by Euc. IIIf. 36, Cor., 


AP.AB = AC.AM; 
that is, PxAB=A oe (resolved part of P along 


> 
or, work done by force P = displacement x resolved part 
of P along direction of dis- 
placement. 
STAT. D 
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38. Principle of work for a single particle.— 
When a particle 1s moved from one position to another under 
the action of any number of forces, the algebraic sum of the 
works done by the several forcea ta equal to the work done by 
the resultant. 

For if the particle move from A to @C, then acetate 
sum of works done by the several forces 

= AC x algebraic sum of resolved parts of the several 

forces along AC 

= AC x resolved part of resultant along AC (§ 30) 

= work of resultant. 


39. From this we get the following important corol- 
lary :— 

‘Con. If a particle, acted on by any number of forces in 
equilibrium, 1s moved from one position to another, the al- 
gebraic sum of the works done by the several forces ts zero. 

For, in this case, the algebraic sum of the resolved 
parts of the forces along AC is zero, whence the result 
follows at once. 


SuMMARY OF ReEsuLrs. 


Components of P along and perpendicular to line inclined 
at angle A are X= Pcos A, Y= Psind...(1), (§ 28.) 
and X is called the resolved part of P along the line. (§ 29.) 


For A=30°, X= }3V3.P, Y= $P. 
For A=60°7, Y=j4V3.P, X=}4P. 
For A=z45°", X=Y=vVi.P 
If & is resultant of forces whose rectangular com- 
ponents are X,, Y,; X,, Y;, &., 

RP = (X,+X,+.. 7? +(M+ ¥i+...)? . (2). (§30.) 

For equilibrium both 
X,+X,+... =O and Y,+ Y,+... =0. (§ 33.) 

Magnitude of the resultant of any two forces P, Q is 


given by R? = P'+Q'+2PxX ...... (3), (§ 31.) 
= P+ Q’+2PQ cos (P, Q), 
where A = resolved part of Q along P, 


and (P, Q) = angle between forces P, Q. 
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Tf three forces P, Q, BR balance. 
P _ Q) Ea! R 
sin (@, B) ~ sin CH, P) ~ sin (Py gy” G4) 
Direction of resultant of perpendicular forces X, Y makes 
with X an angle whose tangent = Y/X...... (5). (§ 35.) 

Work done by F in displacement AC 

= Px (projection of AC on P) (§ 36.) 
= AC x resolved part of P along AC.- (§ 87.) 
Principle of Work.—Algebraic sum of works of com- 


ponents = work of resultant. (§ 33.) 
EXAMPLES II. 


1. Resolve the following forces into components, along and perpen- 
dicularto the straight linesto which they areinclin edatthe given angles: 


(i.) 4 Ibs., 30°; (iv.) 3 tons, 90°; (vil.) 8 cwt., 150°; 
(ii.) 82 02z., 45°; (v.) 12 grammes, 120°; (vili.) 4 mgr., 180°; 
(iii.) 10 kilog., 60°: (vi.) 5 lbs., 136° ; (ix.) 6 stone, 0°. 


2. A force equal to 20 lhs. weight, acting vertically upwards is re- 
solved into two forces, one of which is horizontal and equal to 10 Ibs. 
woight. What is the magnitude and direction of the other component P 

3. A force of /3 lbs. bisects the angle between two straight lines 
which include an angle of 60°. Find (i.) the components, (ii.) the 
resolved parts, of the force along these lines. 

4. Find the magnitudes of the resultants of the following pairs of 
forces inclined at the given angles, namely— 


(i.) 3 and 4 Ibs., 0°; (vi.) 2 and 4 lbs., 60°, 
(11.) 10 and 24 grammes, 90°. = (viil.) 5 and 10 Ibs.. 120°, 
(ili.) 6 and 6 tons, 180°: (vill.) 4 and 12 mer. 380""” 
(iv.) land 34/2 kilog., 45°; (ix.) 4 and 6 oz., 160, 


(v.) 4/2 and 1 cwt., 135°. 

5. Two forces of 4 lbs. and 10 lbs. respectively act at a point and 
are inclined to each other at an angle of 60°. What is the magnitude 
of their resu ltant ? 

6. Indicate two forces, at right angles to each other, which could 
maintain equilibrium with the above (see Ex. 4). 

7. Show how to find the resultant of two forces represented by the 
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diagonal of a square and one of the sides meeting the diagonal, both 
acting from the point where they meet. Prove that its magnitude 
= /Hxa side. 

8. A force of 10 Ibs., acting northwards, is resolved into three 
components, of which onc is 6 Ibs. north-castwards, and another 
2 lbs. westwards. Find the third component. 

9. A straight linc COB has a line OA at right angles to it, and 
forces each of 7 Ibs. act, one along OA, another along OB, and a third 
along the bisector of the angle COA. Find the magnitude of the 
resultant. 

10. What is the resultant of three forces, 3, 4, and 5 Ibs., acting 
at a point along lines making angles of 120° with cach other ¢ 

ll. If two forces P and @ act upon a particle (i.) when the angle 
between their directions is 60°, (ii.) when it is 120°, and if R and S 
are the resultants in these two cases, prove, geometrically if possible, 
that R248? = 2 (77+ ). 

12. #, #’ are the smallest and greatest forces which, along with P 
and (J, can kcep a particle at rest. Show that, if 2, QW, / RR’ keep 
a particle at rest, two of the forces are perpendicular to cach other, 

13. Two forces, of magnitudes 1 and 3, havea certain resultant when 
their directions contain a certain angle; the square of the resultant 
is doubled if the direction of one of the forces is reversed. Find the 
resolved part of the former force along the direction of the latter. 

14, Find the cosine of the angle between the directions of forces 
of 5 and 7 units, which have a resultant of 8 units. Show that the 
angle itsclf exceeds 90°. 

15. A force of 10/2 Ibs. is inclined at angles 75° and 15° to two 
perpendicular straight lines. Find the resolved parte of the force 
along these lines by first replacing it by its components along the 
internal and external bisectors of the angles between them. 

16. Calculate, to two places of decimals, the resultants of 5/2 and 
10 lbs. when the angle between them is 15° and when it is 105°; 
also the resultants of 2./2 and 3 lbs. at an inclination of 75° and 
also of 165°. 

17. If R be the resultant of forces 7?+X and Y acting at right 
angles, write down the expression for #?; and if X, Y are the resolved 
parts of a force Q along and perpendicular to the direction of P, 
deduce the formula A* = P?+Q?+2PX. 
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EXAMINATION PAPER I. 


1. What is meant by the ves/tunt of two forces, and how can it be 
determined ¢ 


2. State the proposition known as the ‘‘ Parallelogram of Forces,’’ 
and describe an apparatus for verifying it experimentally. 


3. Assuming the truth of the ‘ Parallelogram of Forces,’’ enun- 
ciate and prove the proposition known as the “ Triangle of Forces.”’ 


4. Forces of 2, 3, and 4 Ibs. act at a point 0 in directions parallel 
to the sides AB, AC, BC of an equilateral triangle, respectively. 
Find their resultant. 


5. State the proposition known as the ‘‘ Polygon of Forces.’’ How 
far is the converse truo r 


6. If P be a point in a straight line AB such that m.AP = 7.PB, 
and if O be any other point, prove that two forces represented by 
m.OA and ».0B have a resultant represgnted by (m+). OP. 


7. Show that a force may be resolved into two components in any 
number of different ways, and explain what is meant by the resolved 
part of a force in any given direction. 


8. ABDC is a parallelogram; EF is a point in CD. Find, when 
possible, a point F in AB such that the magnitude of the resultant of 
two forces represented by AE, AF may be represented in magnitude 
by AD. 


9. State and prove the formula giving the magnitude of the 
resultant of any two forces in terms of the components and tho 
resolved part of one componcnt along the line of action of the other. 


10. Three forces act at « point and keep equilibrium; find their 
ratios, having given the ungles between them. 


CHAPTER III. 


THE INCLINED PLANE. 


PARTICOLAR CASES OF EQUILIBRIUM. 


40. Equilibrium on a smooth inclined plane.— 
The conditions of equilibrinm of a weight resting on an 
inclined plane may be found very readily by means of 
either the Triangle of Forces or the Principle of Work, 


Fig. 36. 


when the weight is either pushed against the plane by 


a horizontal force, or is supported by a force acting along 
the plane. 


The force employed to support or raisc the weight is sometimes 
called the effort or poicer (see § 83). 


In diagrams it is usual to represent an inclined plane by its section 
ABC, and not in perspective as in Fig. 36. 
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41. Equilibrium on an inclined plane under a 
supporting force applied horizontally. 


Let a body of weight W be supported at any point 0 
on the plane ABC by a horizontal force P. 

It is required to find P, the dimensions of the section 
ABC being supposed given. 
The three forces which keep the body in equilibrium 
are : 


(i.) The weight W acting vertically downwards, and 
therefore perpendicular to AB. 


(ii.) The applied force P acting horizontally, and there- 
fore perpendicular to BC. 


(i11.) The reaction of the plane, acting perpendicular to 
CA. Let this reaction be denoted by R. 


D 





Fig. 37. Fig. 38. 


Therefore the three forces W, P, I act perpendicular 
to the sides AB, BC, CA taken in order. 

Turn the inclined plane round, through a right angle, 
into the position DEF, so that its base DE is now vertical 
and its height EF horizontal (Fig. 38). Then the forces 
W, P, R are parallel to DE, EF, FD. 

Let the length DE be taken to represent the weight W 
in magnitude as well as in direction. 
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Then, by the Triangle of Forces, the three sides of the 
triangle DEF represent the three acting forces W, P, R 
both in direction and in magnitude. 


PLWH 

Therefore EE= DE~ Fp' 

D 
c 
0 
W i = 
A B E F 
Fig. 37. Fig. 38. 


Also the triangles DEF, ABC are equal in all respects ; 


therefore i a ap = 64 : 
Therefore P= Wx if = Wx ne 

or P= Wx ane Perr | be 
Also R=Wx ms = Wx as 

oe R= wy lengthof plane (ag). 


base of plane 


Since action and reaction are equal and opposite (by 
Newton’s Third Law), the weight presses against the 
plane with a force equal and opposite to the reaction of 
the plane, and the magnitude of this force of pressure is 
therefore R and is given by (2). 
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42. Alternative method. — Zhe cxpression for the supporting 
force P also follows very simply from the Principle of Work. 

Let the force P, acting horizontally, push the weight up the plane 
from A to C with uniform velocity.* Then the horizontal and vertical 
distances traversed by the weight are AB, BC respectively; hence the 
works done by Pand against Ware Px AB and Ji'x BC. Therefore, 
equating these, we have, by the Principle of Work, 

Px AB = Wx Be; 


= px BC. yy, height 
P= Vx AB "x base Sosa (1), 


as before. 


[It would bo less casy to determine the reaction R by moans of tho 
Principle of Work. ] 


43. Trigonometrical Expression.—If A denote the angle of inclinu- 


tion BAC, wc have tan 4 = ae 
eee ee IER: -5 6 Statens tse sevens (10). 


(This relation may also be found by equating the resolved parts of P and W 
along the plane. For 7? makes an angle A with the plane, while WH" makes an 
angle A with a line perpendicular to the plane. Henee we obtain 


Pecos A = Wsin 4; 
p= wild ooytan A. (Trig. § 14. 
con A D2 ees 


In like manner, by resolving vertically, we should have 


Reos A = W, 

AB ¢ 

or Rx— =, 
; A 


a result in accordance with (2)]. 


Cor. The following results should be verified by the 
student as an exercise :— 


If the inclination of the plane is 
0°, 30°, 45°, 60°, 
the horizontal force required to support W is 
0, J/iW, W, V3WV, 
and the force of pressure on the plane is 


W, S/tW, /2W, 2W. 











* If the velocity were not uniform, the forces W, P, R would uot be in 
equilibrium, and, moreover, we should have to take account of the work done 
in producing kinetic energy 
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Example.—To find the horizontal force which will support a weight 
of half a ton on an incline of 30°. 


Here LBAC = 30°, 
BC = ABtan 30° = ABxi/3; 
also W = 4 ton = 10 cwt., and the applied force P acts horizontally ; 
Pe WxiV/3 =12 7/3 cwt., 
or required force = 5:7735 ... cwt. 
= 5cwt. 3qrs. 24 lbs. wt. nearly. 


44. Equilibrium on an inclined plane, the sup- 
porting force acting along the plane. 

Let a given weight W rest on a smooth inclined plane 
of given section ABC, and let it be kept from sliding down 
by a force P acting up the plane. 


x 


E 
oS 


\ 


Fig. 39. Fig. 40. 





It is required to find the magnitude of Ll’. 
Let L be the reaction of the plane. 
Then the forces acting on the weight are 


P, acting in the direction AC ; 
W, acting vertically downwards ; 
ik, acting perpendicular to the plane (since the 
plane is smooth). 
Produce the vertical CB to D, and make CD = CA. 
Also draw DE ad Sa on the plane. Then the 
triangles ABC, DEC are equal in all respects, and therefore 


BC = EC, AB = DE. 
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Now, the forces P, W, R are parallel to the sides FC, 
D, DE of the triangle DEC. Therefore, by the Triangle of 
a ee, 

EC CD DE’ 

ae denne 8 

BC” CA AB’ 
BC 


Therefore P=W», 2 


CA 


height of plane cesses (3)y 
length of plane 
Wx AB 
CA 
base of plane eecseess (4) 
length of plane “ " 


Forces, 


whence 


= Wx 
and K= 


= Wx 


45. Alternative method.— Zhe expression for P also follows very 
simply from the Principle of Work. 

Let the force P applied along an inclined plane pull the weight 7 
trom the bottom to the top of the plane with uniform velocity. ‘Then 
P moves its point of application along the length AC, and the weight 
Wis raised against gravity through the verticul height BC of the 
plane. Equating the two amounts of work, we have 

Px length of plane = Wx height of plane, 
Pine Tye OE DINO oy, ct dees (3). 
length of plane 


Exampic.—A road rises 440 feet in a mile. ‘T'o find the pull that a 
horse must exert on a cart weighing 6 cwt. to draw it up the road. 


Let the force be Pcwt. Then work done by P in moving its point 
of application through 1 mile = work required to lift 6 cwt. through 


440 feet ; wo. 2x 6280 = 4406; 
Peale Se 4 cwt. = 56 lbs. wt 
5280 12 


46. Trigonometrical Expressions.—Taking £4 BAC = A, 
BC AB. 


we have sin .4 = —, cosd = 


AC AC’ 
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therefore Pm He BID Giaits cSemee eeaescunwoneeet (3a), 
Ke COG A isarestsssestiretesweasveney ss (4a). 
(These expressions may also be found by resolving along the plane and 


perpendicular to it, for the resolved parts of HW’ perpendicular and along the 
plane are Ii”? cos A and iV sin A, and these are equal respectively to P and R.] 


Cor. The following results should be verified by the student 
as an exercise :— 


If the inclination of the plane is 
0, 30°, 45°, 60°, 90°, 
the force up the plane which will support W is 
0, Ji W, JW, JtW, Ss W, 
and the force of pressure on the plane is 


JS tW, SiW, JS2W, SALW, O. 


Example.—To find the force acting up an incline of 30° that will 
support a weight of 4 cwt. 


In this case the required force 
. height of plane : 
= weight Gat of plane — § ewt. 30° 
sas length of plane 2 ee 
= } cwt. = 28 lbs. wt. 


47. Equilibrium on an inclined plane, the supporting 
force being applied in any direction whatever. 

Whon the supporting force P is applied 
in any direction other than those con- 
sidered above, its magnitude can, in 
gencral, only be calculated by Trigono- 
metry, but it may be determined graphic- 
ally thus. 

On the vertical through 0 measure OD 
downwards containing as many units of 
length as thero are units of force in the 
weight W. Draw DF perpendicular to 
the inclined plane, and let it meet the 
line in which P is applied in the point E. 
Then, by the Triangle of Forces, FO re- 
presents the force P, and DE represents 
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the reaction &. Hence, if the figure is carefully drawn, P and R can 
be found by measuring the lengths £0, DE. 

For different directions of P, the point FE always lies on the straight 
line DF. Evidently EO is least when & is at F, because the perpen- 
dicular OF is less than any other straight line drawn from @ to the 
line DE. 

Hence the force required to support a given weight is least when it 
acts along the plane. 


48. The Triangle of Forces can often be applied to 
the equilibrium of weights supported by strings, rods, or 
inclined planes, when it is required to calculate the sup- 
porting forces. In drawing a diagram to represent these, 
it frequently happens that certain lines naturally form a 
triangle of forces, and the problem is then very simple. 


The following may be taken as types of such problems :- 


Examples.—(1) In the crane ACB, the 
jib or rod CA is 12 ft. long, and is con- 
nected to the wall BC by a chain AB, 8 ft. 
long, attached at a point B 6 ft. above C. 

To find 7 the pull of the chain and 
P the thrust of the rod, when a weight IV, 
equal to 18 cwt., is hung from A. 

The forces at A are 

(i.) ZT along AB, 
(ii.) P along CA, 
(iii.) W or 18 cwt. acting vertically, 
that is, is parallel to BC. Fig. 42. 

Hence these forces are parallel to the 
sides of the triangle ABC. 

Therefore, by the Triangle of Forces, 7, ?, # can be represented 
in magnitude by AB, CA, BC. 

But AB=8t., CA=12it., BC =6 ft.; 

AB=+4BC and CA=2B8C; 
T=4W and P=2P5. 
But W = 18 cwt.; 
tension of chain 7 = 4x 18 = 24 cwt., 


and thrust of jib P = 2x 18 = 36 cwt. 
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(2) A string is attached to two D 
pegs A, C in a horizontal line 24 ft. weer TN 
apart, and a weight of 10 Ibs. see 7a, 


is suspended from its middle point 4g 7--..224t...46.. tafe o>: 
8. If this point falls 5 ft. below 
the line AC, to find the tension 
in the string. 

Complete the parallelogram 
ABCD. 

Since AB = BC, BD evidently 
bisects AC at right angles in F, Ww 
and BED is vertical. Fig. 43. 

Let BA, BC represent the ten- j 
sions in the two portions of the string. Then, by the Parallelograr 
of Forces, DB represents the weight of 10 Ibs. 


Now, we are given that BE = 5 ft., EC = 12 ft. 
BC? = BE? + EC? = 57+ 12?= 137; or BC = 13 ft. 
Also BD = 2BE = 10 ft. 
Since BE or 10 ft. represents a force of 10 Ibs., 
8C, which is 13 ft., represents a force of 13 lbs. 
Therofore the tension of the string = 13 Ibs. 





(3) AB and AC are two chains 9 ft. and 12 ft. long attached to peg 
B, C at a horizontal distance of 15 ft. apart. To find the pulls in th 
chains whon a weight of 1 tun is suspended from A. 

Here the lengths AB, AC, BC are proportional to 3. 4, 5; 

~. BC? = BA? + AC?: 
therefore BAC is a right angle (by Enc. I. 48). 

Let ? be the pull in A@, Q that 
in AC, and let 7 =1 ton, the 
weight at A. Then P acts per- 
pendiculur to CA, Q perpendicular 
to AB, und W acts perpendicular 
to BC. Hence the three forces at 
A act perpendicular to the sides of 
the triangle ABC, and if this tri- 
angle is turned through a right 
angle, its sides, taken in order, will 
be brought parallel to the forces, 
as in Fig. 45. Therefore, by the 





Triangle of Forces, oe a rv c 
represented in magnitude by CA, ; 

AB, BC, that ix, by 9, 12, 16 £t. pba Fig. 45. 
respectively. 


Therefore P=iiI = ¢ ofaton = 16 evt., 
Q = ~, I) = 2 of a ton = 12 cwt. 
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(4) A weight of 1 lb. is suspended by a string. To find the angle 
through which the string will be pulled aside out of the vertical by 
horizontal force of 4/3 Ibs., and to find the pull in the string. 

Let 7 be the required pull in the string, 
IF the weight (= 1 lb.), F the horizontal 
force (= 3 lbs.). 

Let PK be the position of the string, the 
weight being at K. Then if the horizontal 
line KM meets the vertical PM at M, the 
forces W, F, 7 are represented in direction 
by PM, MK, KP, and therefore they can also 
be represented in magnitude by these lines. 





Now F= V3: 
MK = “3PM; 
ZMPK = 60°, 
and LMKP = 30”. 
Therefore the string makes an angle 60° with the vertical. 
Also PK = 2PM: 


the required pull 7’ = 2/4 = 2 lbs. wt. 


(5) A weight of 1 ton is attached at B to a rod AB, which is drawn 
aside from the vertical position through 30° by a chain BD attached 
to B. Find the pull in the rod, supposing BD to make an angle of 
60°, (i.) with the upward drawn vertical, (ii.) with the downward 
drawn vertical. 

Let R be the required pull in the rod BA, P the pull in the chain 
BD, Q (= 1 ton) the given weight 
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Fig. 47. Fig. 48. 


Take any point A on the rod, and let the vertical throuyli A meet 
DB produced in C. 

Then the forces P, Y, R are represented in direction by CB. AC, BA, 
Therefore they can also be represented in magnitude by these lines. 
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(i.) In the firat figure, 


LBAC = 30°, ZLACB=60°: and .. ZCBA = 90°. 
ae 
BA = 5 AC. 
required pull 2 = 3 Q= “3 tons weight. 


(ii.) In the second figure, 
ZBAC = 60°, ZECB = 30°; and .. ZCBA = 30°. 
Therefore ACB is an isosccles triangle having its base angles each 
30°, and if C be joined to the middle point of AB, the triangle ACB 
will be divided into two triangles whose angles are 30°, 60°, 90°. 
(Trig., § 19.) 


AB = 2x <3 AC = V/3 AC. 


required pull R = /3Q = 3 tons weight. 


SuMMARY OF RESULTS. 


For equilibrium of weight IW on a smooth inclined plane, 
if supporting force P be horizontal, 

P= Wx (height)+(base)... (1), (§ 41.) 
reaction R = Wx (length)-~+-(base)... (2). (§ 41.) 

Work done in drawing W up plane 

= Wx (height) = P x (base). 
[In terms of the inclination A, 

P= Wtana ...... (la). (§ 43.)] 


If P acts up the plane, i.e.,in the most favourable 
direction (§ 47), then 


P= Wx (height) + (length) ...(3),(§ 44.) 
R= Wx (base)+ (length) ... (4). (§ 44.) 
Work done in drawing W up plane 
= Wx height = P x length. 
[In terms of the inclination A, 
P=WsinA, R=Weosd. (§46.)] 
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EXAMPLES III. 


1, Find («) tho horizontal forces, and (4) the forces up the plane 
required to support each of the following weights on the given 
inclined planes :— 

(i.) 10 lbs. on an incline of length 10 ft. and height 6 ft. ; 
(ii.) 78 lbs. on an incline of height 6 ft. and base 12 ft. ; 
(iii.) 30 tons on an incline of length 25 yds. and base 24 yds. ; 
(iv.) 85 kilogs. on an incline of 8 in 17 of length 34 metres. 


2. Find also the works done in drawing the weights of the last 
question up the planes. 


3. Find the horizontal force, and find also the force acting up the 
plane, required to support a weight of 
(i.) 5 tons on an incline of 30°; 
(ii.) 28 lbs. on an incline of 45° ; 
(iii.) 10 kilogs. on an inclino of 60°. 
In each case find the reaction of the plane. 


4. The lengths of the three inclined planes of the preceding ques- 
tion are, respectively, (i.) 9 ins., (ii.) 3 ff., (ili.) 150 centimetres. 
Find the works done in drawing the weights up the planes. 

5. A weight of 9 lbs. is pulled up an inclined plane of which the 
height is 14 ft. and the base is 2 ft. What force (i.) acting hori- 
zontally, (ii.) acting along the plane, is required for the purpose? 
‘What amount of work is done in each case f 


6. A weight of 12 lbs. is supported by two strings, each inclined at 
an angle of 45° to the vertical. Find the tension of the strings. 


7. A weight of 10 lbs. is supported by two strings which are in- 
clined at angles of 30° to the vertical. Find the tensions in the strings. 


8. A stone weighing 1 ton is suspended in the air by a chain; a 
rope fastened to the stone is pulled so that the chain makes 30° and 
the rope 60° with the vertical. Draw a very careful figure showing 
the three forces acting on the stone, and a triangle representing them. 
Find the pull on the rope. 


9. A small heavy ring, which can slide freely upon a smooth thin 
rod, is attached to the end of the rod bya fino string. If the rod be 
held in any position inclined to the vertical, draw a triangle repre- 
senting the forces acting upon the ring. 

STAT. E 
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10. A body of weight 10 lbs. rests on a smooth plane inclined at 
an angle of 30° to the horizontal. Find the least value of the force 
required to sustain it and the reaction of the plane. 


11. A weight rests on a smooth inclined plane. Determine the 
direction and magnitude of the least force which will keep it in 
equilibrium Find also the direction of the force in order that the 
thrust on the plane may be double of that exerted in the first case. 


12. Two weights support cach other on two smooth inclined planes 
of the same height, the weights being connected by a string passing 
over a smooth pulley at the junction of the planes. The angles of 
the planes are 30° and 60°. What is the ratio of the weights and the 
tension of the string ? 


13. A wedge, whose triangular section ABC is right-angled at A, 
is placed with BC on a horizontal plane; a horizontal force P will 
support a weight Q on AB. What horizontal force would be required 
to support a weight Q placed on AC? 


14. A picture, weighing 56 Ibs., is slung over a nail in the ordinary 
way by a cord attached to two eyes in the top horizontal bar of its 
frame. If the hcight of the nail above this bar is half the distance 
between the eyes, what is the tension in the cord? Under what 
circumstances would the tension be cqual to or greater than the whole 
weight of the picture ? 


15. A particle P ia placed inside a smooth circular tube, and is 
acted on by two forcos towards the extremities A and B of a fixed 
diameter AB. The forces are respectively proportional to PA and PB. 
Find the position of equilibrium. 

16. A wedge, whose triangular section ABC is right-angled at A, 
is placed with BC on a horizontal plane. Two weights P and Q, 
connected by a string, will balance if placed with the string passing 
over A and P resting on AB, and Qon AC. If AB be placed horizon- 
tally, they will balance with P on BC and Q hanging vertically. 
Show that the sides of the triangle are in a geometrical progression 
whose common ratio is equal to the ratio P: Q. 

17. Determine the tension of the threads of a rectangular piece of 
network hung from a horizontal bar, due to suspending a series of 
equal weights in a horizontal line at the lowest points of the net, sup- 
posing the meshes are equal hexagons of whicha pair of sides are vertical. 


CHAPTER IV. 


THE TRANSMISSION OF FORCE—EQUILIBRIUM 
OF THREE FORCES. 


49. Rigid bodies. — In treating the conditions of 
equilibrium of several forces acting ‘‘ at a point,” we have 
supposed the forces to be all applied to a single particle 
placed at that point. When two or more forces act in 
parallel straight lines, it is impossible to suppose them to 
be applied to the same particle, for parallel lines never 
meet. They must, therefore, be supposed to be applied 
to a body of extended size. Accordingly, it will be 
necessary to state what is meant by a rigid body before 
proceeding further. 


DEFINITION.—A rigid body is a body whose size and 
shape always remain the same whatever forces be applied to 
different parts of rt. 

By this it is implied that the distance between any two 
particles of a rigid body always remains the sume. 


In reality no body is perfectly rigid, but most solid bodies may be 
regarded as rigid for all practical purposes. 


50. Rotation.—A rigid body can be rotated. 


When a top is spinning, the different particles of the top rotate or 
move round and round rapidly, though the top does not change its 
position asa whole. The same is true when a wheel rotates or turns 
round. When a door is opened, the hinge remains where it is and 
the other parts of the door rotate or turn about it, those furthest from 
the hinge moving most rapidly. 

‘When a body changes its position as a whole, this motion is said to 
be a motion of translation to distinguish it from rotation. All the 
motions treated of in Book I. (Dynamics) are motions of translation.* 


S aaatemenateel 





* That branch of Mechanics which deals with rigid bodies rotating under the 
action of forces is called Rigid Dynamics, and cannot be treated satisfactorily by 
elementary methods. 
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When a number of forces acting on a rigid body are in equilibrium, 
they must have no tendency to produce motion etther of translation or 
rotation ; otherwise the body will not remain at rest. 


51. Transmission of Force. — In the first place, it 
will be observed that 


Two forces acting at two points of a rigid body are in 
equilibrium if, and only af, they are equal and oppostte, and 
act in the same straight line. 


This may readily be verified by attaching strings to two points 
A, B of a body (say a stick) resting on a horizontal table, and then 





Fig. 49. 


pulling the strings horizontally. The body will turn round until the 
strings MA, BN are both in one straight line, and will then come to 
rest. - And, since the forces produce no motion of the body as a whole 
(t.e., no motion of translation), they must be equal and opposite. 


{If the body is again displaced so as to bring the strings out of one straight line, 
it will not remain at rest, but will rotate back to its former position. Hence two 
equal and opposite forces which do not act in the same straight line are not in 
equilibrium, but tend to produce rotation. ] 


52. From the above property we deduce the following 
principle, which is known as | 


The principle of Transmissibility (or Transmis- 
sion) of Force: 


A force acting on a rigid body may have its 
point of application transferred to any point what- 
ever in the straight line in which it acts without 
affecting the conditions of equilibrium. 


Let P be any force applied to a body at B in the 
direction BN. Let A be any point of the body in the 
straight line BN or BN produced. At A apply two equal 
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and opposite forces of magnitude P in the straight line 
AB. These two forces balance each other, and therefore 
do not affect the conditions of equilibrium of the original 
forces. Now consider the two forces +P at B and —P 
at A. By the property just proved, these two forces 
balance each other, and therefore they can be removed 
without affecting the conditions of equilibrium. We are, 
therefore, left with the force +P at A as the statical 
equivalent of the original force P at B applied in the 
same straight line; as was to be proved. 

The principle of the Transmission of Force may also 
be stated thus. 


When a force acts on a rigid body, it is immaterial what 
point in tts line of action 18s considered to be the point of 
application of the force. 


The point of application may even be taken outside the body, 
frovided that the force is applied to a particle rigidly connected with 
the body. But a force cannot be replaced by an equal and parallel 
force acting at any point o¢ in its original line of action. 


53. Conditions of equilibrium of three forces in 
one plane. 


If a rigid body 1s in equilibrium under three forces in one 
plane, their lines of action must all be parallel or all pass 
through one common point. 


For let the three forces be not 
all parallel. Then the lines of 
action of two of them must meet 
in some point, say 0. By the 
principle of Transmission of Force, 
we may suppose these two forces 
to be applied to a particle of the 
body (or rigidly connected with 
the body) at 0. Hence, as in Fig. 50. 

Chap. I., they are equivalent to a 

single resultant force acting at 0. This resultant and the 
third force balance; therefore they must be equal and 
opposite and in the same straight line (§ 51). Hence the 
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line of action of the third force must pass through 0, and 
therefore the three lines of action must all pass through 
one common point. 

In addition to passing through one common point, the 
three forces must satisfy the same conditions of equili- 
brium as if they acted on a particle at that point; they 
must therefore be capable of being represented in magni- 
tude and direction by the sides of a triangle taken in 
order. 

The conditions of equilibrium of three parallel forces 
will be investigated in Chap. VI. 


54, The point of intersection of the forces need not be 
within the body. 

Thus, let three cords be attached to a ring or hoop at the equi- 
distant points A, B, C (Fig. 50), and let these cords be pulled with 
equal forces in the direction of radii OA, 0B, OC. Then these forces 
will be in equilibrium, for their directions pass through one common 
point (viz., the centre 0), and are inclined at angles of 120°. Hence 
the ring will remain at rest notwithstanding the fact that the point 0 
is not in the substance of the ring itself. (See also § 57, Ex. 1.) 


do. The wedge is a triangular block which is used 
either for splitting a body (e.g., a piece of wood) into two 
parts, for separating two bodies, or for slightly raising 
heavy weights off the ground. The section of the block 
is a triangle, and the wedge generally studied on account 
of its greater utility and simplicity is isosceles, and could 
be formed by two night-angled inclined planes put back to 
back. A knife and a chisel afford good illustrations of 
the principle of the wedge. 

The wedge we consider in theoretical mechanics is smooth ; but 
most wedges are so rough that, when they have been driven in 
between two bodies, the friction prevents them from coming out 
again. Usually, too, wedges are driven in by blows of a hammer; 
hence the conditions of equilibrium found below are usually far from 
being realized in practice. 


56. Gonditions of equilibrium of a smooth wedge. 
——Let a smooth wedge, whose section is the triangle ABC, 
be driven in between two bodies M, N by a force P 
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applied on its face BC. Let Q, R be the reactions with 
which M, W resist the insertion of the wedge. 





Fig. 61. 


Then the wedge is kept in equilibrium by the three 
forces P, Q, R, and, since the wedge is smooth, these forces 
act perpendicular to BC, CA, AB. Hence, if the triangle 
ABC be turned, through a right angle, into the position 
DEF, its sides will be brought parallel to the forces. 

Therefore P, Q, & can be represented in magnitude by 
BC, CA, AB, respectively, that is, 


PLM, 
BGC” CA AB’ 
or, if a, b, c denote the lengths of BC, CA, AB, 
Pa 8 a a 
ae. — b = C eeceoaeeeneesneeeaaes 0686 (1). 


In the case generally considered where the section of a 
wedge is isosceles, b = c. We have 
Q=K=Px 2. : 
By sufficiently increasing the length b and making the 
breadth a very small, a very small force P can be made 
to overcome a very large resistance Q. A hatchet is a good 
example of this. 
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Example.—A stone rests against a vertical 
wall AC, and can be separated from the wall 
by a smooth wedge weighing 28 lbs., whose 
triangular section ACB is right-angled at C, 
and has its sides 7, 24, 25 inches long. To 
find the horizontal force with which the 
stone sas against the wedge, no other 
forces being applied to the wedge. 

Let Q be the reaction of the wall, & the ; 
force of pressure of the stone on the wedge, ! 

P (= 28 lbs.) the weight of the wedge. Then Fig. 62. 
the wedge is kept in equilibrium by forces P, Q, 2. 

Since ACB is a right angle, CB is horizontal, and therefore P acts 
perpendicular to BC. Since the wedge is smooth, Q, R act perpen- 
dicular to CA, AB respectively. abe by the Triangle of Forces, 

P 





Poe Lk 

BC 4 AB’ 

28 R 
or 7 = 24 oe: 25 F) 
whence Q = 96 lbs., R = 100 lbs. 


Also, by resolving horizontally, we have 
required horizontal component of 2 = Q = 96 Ibs. ; 
therefore the stone presses with a horizontal force of 96 Ibs. 


57. Equilibrium of a heavy body.— Applications 
to problems.— The theorem of § 53 is very useful in 
enabling us to find the conditions of equilibrium of a 
heavy body supported at two given points by forces that 
are not vertical. The cases where the supporting forces 
are vertical will be considered later. 

It will be proved in Chap. XI. that the whole weight of 
a rigid body may always be supposed to act vertically at 
a single point of the body, called its centre of gravity or 
centre of mass. For the present, the following particular 
results will be assumed :— 

(1) The weight of a heavy uniform rod or beam acts at 
its middle point. 

(2) The weight of a uniform sphere or cube, or of a 
circular disc, acts at its centre. 

It will also be necessary to remember that— 

Action and reaction are equal and opposite (Newton's 
Third Law); and that 

The reaction of a perfectly smooth surface is always pere 
pendicular to that surface, 
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58. Hxramples.—(1) Equilibrium of a ladder.—A uniform ladder 
of weight V7 leans against a perfectly smooth wall. To find the 
thrusts which it exerts against the wall and ground when the ladder 
is 20 ft. long and reaches a height of 16 ft. 


Let AB be the ladder, G its middle point, 

Let P denote the reaction of the wall, 
R that of the ground. 

Then the three forces acting on the 
ladder are— 


(i.) Its weight W acting vertically 
through G (since the ladder is uniform) ; 


(ii.) The reaction P at B acting hori- 
zontally (since the wall is smooth and 
vertical) ; 

(iii.) The reaction # acting at A. 


Since these forces are in equilibrium, 
they must pass through ono point. Lot 
the vertical through G meet the horizontal 
through B in M. Then the rcaction A 
must act in the line AM. 

Let MG meet the ground in NM. Then 
the forces W, P, R act in the directions of MN, NA, AM, the sides of 
the triangle MAN taken in order. ‘Therefore, by tho Triangle of 
Forces, these sides may be nade to represent the forces in magnitude, 
so that if BC or MN represents JI’, NA and AM will represent ? and 
respectively. Therefore 





Fig. 53. 


NA ,, AM 
P= Wx aap sla aar Tt 
Now AB = 20 ft., BC =16 ft.; 
2. AO? = 207-16? = 42(52?— 42) = 42, 32 = 127; 
AO = 12 ft.; 


and it is easily seen* that 
AN = 3A0 = 6 ft. 
Therefore also 
AM? = AN? + NM? = 6? + 162 = 22(324 82) = 2?x 73; 
2 AM =2/73 ft. 
6 3H 


Reaction of wall P = IV’ x i; a 


ll 


Reaction of ground 2 = Wx ——— = ——.- . 


8 
2/73 WA/73 
16 8 








* For A@ = GB; .:. triangles AGN, BGM are cqual in all respects; .-. AN — BM 
= NO (the opposite side of the parallelogram MBON); .:. AN = 4A0. 
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(2) A uniform rod AB weighing 1 cwt., hinged at A, is supported in 
& horizontal position by a rope attached to 8, and making an angle of 
45° with the rod. To find the tension in the rope and the force at 
the hinge. 


Let G be the middle point of AB. 

Let P be the tension in the rope, Q the 
force at the hinge, and let W denote the 
weight of the beam (1 cwt.). 

Then the forces acting on the rod are— 


(i.) Its weight 1 cwt. acting vertically 
through G ; 

(ii.) The tension P acting along the 
string at B ; 

(iii.) The reaction # of the hinge at A. 


These three forces must all pass through 
one point. Let this point be C. Draw 
AD parallel to CB. 

Then P, Q, W are represented in direc- 
tion by DA, AC, CD. Fig. 54. 

Therefore they may also be represented 
in magnitude by these lines. 

Since ZABC = 45° and 4CGB = 90°, therefore AGBC is a right- 
angled isosceles triangle. Since GA = GB, the triangles GAC, GBC, 
GAD are easily seen to be equal in all respects. Hence every triangle 
in the figure is a right-angled isosceles triangle, and every angle in 
the figure is either 90° or 45°. In the triangle DAC, 


DA = AC =4/2.AD; 
P= Q=}V72W = /2cwt. 


‘Therefore the tension in the string is } “2 of a cwt., and the force 
at the hinge is also 4/2 of a cwt., and its direction makes an angle 
45° with the horizon. 

As an exercise the student should work out the case where the 
string is in the straight line DB produced, making an angle of 45° in 
the opposite direction with AB. It will readily be found that the 
tension of the string and the force at the hinge are each 44/2 cwt., as 
before, and that the latter force acts in the direction DA. 





&) A ball 1 ft. in radius, and weighing 5 lbs., rests against a smooth 
wall, and is attached to a string which passes through a hole in the 
wall at A, and is pulled with a force of 13 lbs. To find the length of 
string projecting from the hole. 

Let R be the reaction of the wall. 

The forces on the ball are— 

(i.) Its weight 5 lbs. acting ;vertically through its centre C ; 
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(ii.) The reaction 2 acting perpendicu- 
lar to the wall, and therefore in direction 
BC; 

(iii.) The pull of the string or 13 Ibs. 


Since these pass through a point, the 
direction of the string passes through C, 
and the three forces are represented in 
direction by AB, BC, CA. 

Therefore, if the length AB represents 
the weight 5lbs., BC will represent the 
reaction & and CA the pull of 13 Ibs. 





Now CAB = 90°; 
“. AB? + BC? = AC, Se 
or 6° + R2 = 133; 
whence R = 121bs. 
But BC = 12\|bs.; 


a force of 1 Ib. is represented by 1 inch ; 
.. AB=65inches and (CA = 13 inches; 
and, if D is the point of attachment of the string, 


AD = AC-—DC = 13—12 = 1 inch. 


Therefore the required reaction is 12 lbs. and one inch of the string 
projects from the wall. 


59. Theorems.— (1) Three forces proportional in magnitude to 
the sides of a triangle and bisecting these sides at right angles will 
be in equilibrium if they act all inwards or all outwards. 


For, by Euc. IV. 5, the 
perpendicular bisectors of E 
the sides all meet in the 
centre of the circum- 
scribing circle. Hence the 
forces all pass through 
one point. 

Moreover, if the tri- 
angle is turned through 
a right angle, its sides, 
taken in order, will be 
parallel to the forces, Fig. 56. 
and will represent them 
both in magnitude and direction. Hence the forces are in equilibrium. 





F 


(2) Any number of forces proper one to the sides of any polygon 
and bisecting these sides at right angles will be in equilibrium if 
they act all inwards or all outwards. 
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Let ABCDE... be the given polygon. Join AC, AD, ..., and suppose 
the forces to all act outwards. 

From the last theorem, the forces of magnitude AB, BC, bisecting 
AB, BC at right angles, have a resultant of magnitude AC, bisecting 
AC at right angles, acting inwards with respect to the triangle ABC, 
or outwards with respect to ACD. 

Similarly, the forces AC and CD have a resultant AD bisecting AD 
at right angles. 

Finally, the forces AD, DE, EA, bisecting their respective sides at 
right angles, are in equilibrium. 

Therefore the given forces are in equilibrium. The same is simi- 
larly true if they act inwards. 


(3) To deduce the conditions of equilibrium of three parallel forces 
acting on a rigid body.* 

From Theorem (1), three P 
forces P, Q, R acting perpen- 
dicular to the sides of a 
triangle ABC at their middle 
points L, M,N will balance if A 
they are proportional to the 
sides, that is, if 

PQ _R R 
BC CA AB Fig. 67. 

This is true however small 
the altitude of the triangle ABC. Hence it must be true when the 
altitude is infinitesimal. In this case the points A, B, C lie in one 
straight line, and the forces P, Q, R act perpendicular to this line, 
and are therefore parallel. 


=i———> © 


Now AM =%3AC, AN = 3AB; 
MN = 3CB. 
Similarly, NL =}3AC and LM = 34BA. 


Hence the conditions of equilibrium of the three parallel forces 
P, Q, R acting at L, M, N become 
PQ _R 
ed avens tna Seusssennnesenen 2). 
MN WNL LM 2) 
In the above figure ML = MN+WNL, 
and LM is equal and opposite to ML. 


Therefore, from (1), 2 is equal and opposite to P+ Q, so that, if the 
directions of forces are denoted by their signs, then, algebraically, 


P+Q+R=0 
is a necessary condition of equilibrium. 





oe ee ee 








* The conditions of equilibrium of three or more parallel forces will be treated 
more fully by other methods in Chap, VI. The present treatment may therefore 
be omitted on first reading, although it affords an instructive exercise, 
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SumMMARY OF RESULTS. 


The Principle of Transmission of Force asserts that the 
effect of a force acting on a rigid body does not depend on 
what point in its line of action is its point of application. 


(§ 52.) 
Three Forces in equilibrium must either be parallel or 
intersect in one point. (§ 53.) 


Conditions of equilibrium of a smooth wedge under 
forces P, (, & perpendicular to faces a, b, c are 
Pla = Q/b = Rjc......... (1). (§ 56.) 
The weight of a uniform rod acts at its middle point. 
The weight of a sphere, cube, or circle acts at its centre. 


(§ 57.) 
EXAMPLES IV. 


1. A person ascends a ladder resting on a rough horizontal floor 
against a smooth vertical wall; determine the direction and magni- 
tude of the force with which the laddor presses against the floor. 


2. A uniform rod BC, 6 ins. long, weighs 2 lbs., and can turn freely 
about its end B. It is supported by a string AC, 8 ins. in length, 
attached to a point A in the same horizontal line as B, the distance 
AB being 10 ins. Find, by a diagram, the tension of AC. 


3. AB is a wall, and C a fixed point at a given perpendicular 
distance from it; a uniform rod of given length is placed on (, with 
one end against AB. If all the surfaces are smooth, find the position 
in which the rod is in equilibrium. 


4. Two forces applied at two points A, B of a rigid body in the 
straight line AB are such as to balance one another. Prove (without 
assuming the Principle of Work) that, when the body moves in the 
direction AB, the works done by the forces are equa] and opposite. 


5. A uniform rod, whose length is 8 ft. and weight 16 lbs., is placed 
Over a smooth peg, so that one end rests against a smooth vertical 
wall. Ihe distance of the peg from the wall is 6ins. Find the 
position of equilibrium and the force of pressure on the peg. 

6. A uniform rod, whose length is 2 ft. and weight 1 1b., is placed 
over a smooth peg, so that one end rests against a smooth vertical 
wall. The thrust on the peg is 8 oz. Find the distance of the peg 
from the wall and the position of equilibrium. 
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7. A uniform rod AB, inclined at an angle of 30° to the horizon, 
rests with the end A in contact with a rough horizontal table, the end 
B being supported by a string attached to a point C vertically above 
A, If BC be inclined at an angle of 60° to the horizon, find the 
reaction of the table and the tension of the string. 


8. A rod AB is hinged at A, and supported in a horizontal position 
by a string BC making an angle of 45° with the rod. The rod has a 
weight of 10 lbs. suspended from 8B. Find tho tension in the string 
and the force at the hinge. Tho weight of the rod may be neglected. 


9. A rectangular box, containing a ball of weight /V/, stands on a 
horizontal table, and is tilted about one of its lower edges through an 
angle of 30°. Find the thrusts between the ball and the box. 


10. AC and BC are two smooth inclined planes at right angles to 
one another and intersecting at their lowest point C. A uniform 
heavy rod AB rests in equilibrium against them. Show that its 
middle point is vertically above C. 


11. Construct a triangle whose sides represent the forces acting on 
the rod in Q. 10, and calculate the forces of pressure of the rod against 
the planes, the inclinations of the planes being 30° and 60°, and the 
woight of the rod 1 Ib. 


12. A picture is suspended from a nail A by strings ABOCA and OA. 
‘The former passes through two smooth rings at B, C, so placed that 
ABC is an equilateral triangle, and at 0, the centre of ABC, it is 
knotted to the string OA, which is also suspended from A. Given 
the weight W of the picture, determine the tensions of tho strings. 
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EXAMINATION PAPER II. 


1. State and prove the principle of Transmissibility of Force. 


2. If three forces in one plane keep a body in equilibrium, show 
that their lines of action will cither meet in a point or be all parallel. 


3. Ifa body is partly supported by resting against a smooth fixed 
surface which it touches at one point, in what direction does the 
surface react against the body ? 


4. Find the ratio of the effort to the weight on an inclined plane 
when the effort acts parallel to the plane. 


§. If a power of 8 lbs. applied parallel to an inclined plane sup- 
port a weight of 17 Ibs., what is the thrust on the plane ? 


6. A weight rests on a smooth inclined plane. Show that the 
smallest force which will keep it in equilibrium must act along the 
plane. 


7. Forces of 3, 5, and 7 lbs., respectively, act on a particle at the 
centre of a circle, towards points on the circumference which divide 
it into three equal parts. Find the magnitude and direction of the 
force that will balance them. 


8. A heavy uniform beam AB is supported at a point C by the 
prop CD, its extremity A prossing against a smooth wall FF. Deter- 
mine the conditions of equilibrium. 


9. If a, 5, e be the breadths of the three faces of a wedge, supposed 
forced into a fissure in the usual manner, given the action P against 
its back a, determine the two reactions Q and 2 against its two sides 
band c¢. 


10. A ladder rests against a smooth wall of a house at a slope to 
the ground of 45°. Draw a figure showing the directions of the 
forces acting on the ladder, and prove that the force exerted by the 
ground is ./5 times the force exerted by the wall. 


PART IT. 
MOMENTS AND PARALLEL FORCES. 





CHAPTER V. 


MOMENTS OF FORCES IN ONE PLANE. 


60. Forces tending to produce rotation.—If a body 
is attached to a fixed axis or hinge about which it can 
turn freely, we can set the body in motion by applying to 
it a force in any direction not passing through the axis. 
And it is easy to verify by a few simple experiments that, 
the farther off from the axis the force is applied, the more 
effect it has in turning the body. 

Consider, for example, a door which can turn about its hinge. To 
open or shut the door, we apply a force to its handle in a direction 
perpendicular to the plane of the door, and at a considerable distance 
from the hinge. If we press against the woodwork of the door at a 
point very near the hinge, we shall have to exert a much greater 
effort to set the door turning, while if we lean against the edge of 
the door and push it directly against the hinge, it will not turn 
at all. 

When a wheel is turned by a handle, we apply to it a force perpen- 
dicular to the arm of the handle. It is easy to verify that, the further 
the handle is from the centre of the wheel, the less will be the force 
required to turn the wheel, although the handle will have to be 
moved through a greater distance in each revolution. 

In this chapter we shall consider the equilibrium of bodies under 
forces which tend to turn them about a fixed point or axis; but shall 
not consider the actual motion of such bodies when the forces cause 
them to rotate. 
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61. Derinition.—The moment of a force about a fixed 
point is the product of the measure of the force into the 
perpendicular distance of the point from tts line of action*. 


Thus, if P be the force, and if OM is drawn from 
any point O perpendicular on the line of action of P, 


the product PXOM 2 


is called the moment of the force if a 
P about 0. ‘ P 
The length OM may be called: 
the armofthemoment. Therefore \, 
moment = force X arm. “a 





The product PxOM becomes 
zero if either of its factors diminish 
to zero, that is, if Fig. 58. 

P=0 or OM=0. 

In the latter case O is on the line of action of P. 

Hence the moment of a force about a point vanishes 
when either— 

(i.) the force itself is zero ; 
(ii.) the line of action of the force passes through 
the point. 

If the body is fixed or hinged so that it can turn per- 
fectly freely about 0, the force I’ cannot set the body in 
motion if its line of action passes through O, for by the 
Principle of Transmission of Force P may be supposed to 
be applied at 0, and this point is prevented from moving 
by the hinge or support. 

Hence, when the moment of a force about a fired point 
vanishes, the force has no tendency to turn the body about 
that point. 

On the other hand, if the moment is not zero, the force 
P cannot pass through 0. But the reaction of the hinge 
or support passes through 0. Hence these two forces 
cannot act in the same straight line, and the body cannot 
remain in equilibrium. It must therefore turn about 0, 
Since no other motion is possible. 


* Notice that the words moment and momentum have entirely different meanings, 
They must be carefully distinguishd, fur no connerion whatever exists between them. 
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From these and other considerations to be proved 
shortly, it may be inferred that the moment of a force 
about any point is a proper measure of the tendency of 
the force to produce rotation about that point. 


62. Positive and negative moments.—JIn dealing 
with forces in one plane, it is convenient to regard the 
moment of a force about a point as positive or negative 
according to which way the force tends to rotate a body 
about that point. 

Moments which tend to produce rotation in the opposite 
direction to that in which the hands of a watch go are 
considered positive. 

Moments which tend to produce rotation in the same 
direction as the hands of a watch go are therefore to be 
regarded as negative, and a minus sign is prefixed to 
their amount. 





Fig. 59. Fig. 60. 


Thus, in Figs. 58, 59, the moments about O of the forces indicated 
by the arrows are all positive; but in Fig. 60 they are all negative. 


The following rule is also convenient— 


The moment of a force is 
positive about all points on the left of its line of action, 
negative 99 F 99 . ” right : 99 99 
as seen by a person looking in the direction of the force. 
In forming the algebraic sum of the moments of any 
number of forces, each moment is taken with its proper 
algebraic sign. 

Thus, if two forces have equal moments about a point, but tend to 
roduce rotation in opposite directions, their algebraic sum is zero, 
or one moment is a p/us and the other a minus quantity. In parti- 

cular, two equal and parallel forces tending in the same direction will 
have equal and opposite moments about a point midway between 
them, and the algebraic sum of the moments will be zero. 
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63. Geometrical representation of the moment of 
a force. 

If a force be completely represented by a straight line, its 
moment about any point shall be measured by twice the area 
of the triangle which the straight line subtends at that point. 


Let AB represent any force P, then shall the moment of 
P about O be represented by twice the area OAB. 


M 
Pp 


Fig. 61. 


Draw OM perpendicular to AB. Then 


area of AOAB = 1AB x OM. 
(Appendix on Trigonometry and Mensuration, § 20.) 


Now AB8 represents the force P, therefore AB must 
contain P units of length. Hence 
moment of P about 0 = PxOM = AB xOM = 2A0AB. 


64. If a given force is compounded with any force 
which passes through 0, the moment about 0 will be 
unaltered. 

For if AB represents the given force P, and AD repre- 
sents any force Q@ passing 
through QO, their resultant R 
will be represented by AC the 
diagonal of the parallelogram 
ABCD. Since OAD and BC are 
parallel, 0 
AOAB = AOAC; - Fig. 62. 

moment of P about 0 = moment of R about 0 ; 
as was to be proved. 


Cc 
‘ 
‘ 
1 
i 
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65. If a force P is applied at any point A, its 
moment about any point 0 is equal to the product 


OA x resolved part of FP perpendicular to OA. 


For let AC represent the force P. Complete the rect- 
angle ABCD, whose side AD passes through 0. Then, by 
the Parallelogram of Forces, AD, AB represent the com- 
ponents of P along and perpendicular to OA. 





Now AOAB = AOAC B=siét’ 
(since they are on the same base oF 
and between the same parallels). A Se ! 

Therefore momentof P aboutO we : a7 ; 

= 2A0AC =2A0AB 0 A 5 
= O0OAxAB Fig. 63. 


= OA x resolved part of P perpendicular to0A. 


66. Another expression for the moment of a force.— 
In the right-anglod triangle OAM (Fig. 63) we have 
. MO _ OM : 
mo et = OA sin MAO ; 
sin MAO AO = OA OM = OA sin MAO 
moment of Pabout 0 = P.OM = fP.0A.sin MAO. 

Hence the moment of a force about a point is th: product of the 
force, the distance of its point of application from the point, and the 
sine of the angle which this distance makes with the line of action of 
the force. 


Cox. Since 7 sin MAO = resolved part of # perpendicular to OA, 
we have an independent proof of the property proved in § 65. 


67. The moments of two intersecting forces about 
any point in the line of action of their resultant 
are equal and opposite. . 


Let two forces P,Q act in the lines AB, AD, and let C 
be any point in the line of action of their resultant HK. 
Complete the parallelogram ABCD. 
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Choose the scale of representation such that AC represents 
the resultant force R.* 

Then, by the Parallelo- D c 
gram of Forces, AB and 
AD represent the compo- 
nents P, Q. 

Since ABCD is a / = 


parallelogram, 


A 
ACAB = ACDA. Fig. 64. 








But the triangles CAB, CAD represent the moments of 
P and Q about C, and these moments tend to turn about 
C in opposite directions. 

Therefore the moments of P, Q about C are equal and 
opposite. 


68. Equilibrium abont a fixed point.—If a mgid 
body, moveable about a fixed point, is acted on by two 
forces in any plane throngh that point, these forces will 
balance if their moments abont that point are equal and 
opposite. 

For,in order that the forces may balance, their resultant 
must pass through the fixed point. Hence the moments 
of the forces about that point must be equal and opposite, 
from § 67, 


Either of the forces, if it were to act alone, would set the body 
turning round about the fixed point. Hence, since the body does not 
turn when both act, we are led to infer that the tendencics of the 
forces to produce rotation aro equal and opposite. 

Fence equal moments about a point represent equal tendencies to 
produce rotation about that point. Moreover, if a force be doubled, 
its moment about any point is also doubled; but it is natural to sup- 
pose that its tendency to produce rotation about any point is doubled. 
Hence we infer that the moment of a force about any point is a 
measure of its tendency to produce rotation about that point. 

If two or more forces acting on any body have a single resultant, 
we should naturally expect the resultant to have the same tendency to 
produce rotation about any point as the several forces acting simul- 
taneously. We shall now prove that such is the case. 





* This step of the proof should be carefully noted, as it is most important. 
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69. The algebraic sum of the moments of two 
forces about a point in their plane is equal to 
the moment of their resultant about that point 
(Varignon’s Theorem). 


Let two forces P, Q be completely represented by the 
lines AB, AD. Let the parallelogram ABCD be completed 
so that AC represents the resultant of P, Q, and let this 
resultant be #. 

Let O be any point in the plane of the forces. Then 





Fig. 65. 


their moments about 0 are measured by twice the tri- 
angles OAB, OAD, OAC respectively. 

Draw BE, DF parallel to OA, cutting AC in EF, F. 

Then, evidently, the triangles BCE, DAF are equal in all 
respects, and therefore AF = EC. 

Case i.—If O lies without the angle BAD, as in Fig. 65, 
then we have to show that 

2A0AB+2A0AD = 2A0AC. 

Now* AOAB = AOAE (..: EB is parallel to OA); 

AOAD = AOAF = AOEC (..: bases AF, EC are equal) ; 
2AOAB+2A0AD = 2A0AE+2A0EC = 2A0AC, 


or moment of P+moment of Q = moment of force R. 





ee ee nee mn a a 


* To avolile: com deren the tigure, the triangles OAE, OAF are not “completed: 
The student should draw fresh tlyures on a large scale, filling in these triangles as 
they are requured in the proof. 
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Case ii—If 0 lies within the angle CAD, as in Fig. 66, 
the moment of Q is negative and is represented by minus 
E 





Fig. 66. 

twice the area ODA, and we have to show that 

2AQ0AB—2A0DA = 2A0AC. 

Now, as before, AQAB = AOAE, 

AODA = AOFA = AOCE ; 
2AOAB—-2A0DA = 2A0AE—2A0CE =2A0AC; 
or moment of P + moment of Q = moment of force R, 

as before. 


70. OspsexvaTions.—The student should write out full proofs of 
the theorem, with figures, suited to the following cases : — (2) When 
O lies within the angle BAC. (4) When O lies within the vertically 
opposite angle to BAD formed by producing BA, DA. 

The proof may he simplified by making one of the sides BC or CD 
of the parallelogram ABCD pass through 0. To do this we draw OD 
parallel to-AB, und choose the scale of representation such that AD 
represents the force Q. Let AB represent P on this scale. 

Completing the parallelogram ABCD, the resultant & is represented 
by AC. Now AB=DC, .-. AOAB = ADAC; 
and if OQ lies without the 2 BAD, then 

AOAD + AOAB = AOAD+ ADAC = AOAC, 
or sum of moments of P, Q = moment of R. 

The construction of the figure and completion of the proof are left 
as an exercise to tha student. 

(The more advanced student will find that the proof of Case i. may 
be made to include every case by making the following convention as 
to the sign of the area of a triangle, viz., that the area is to be 
regarded as positive or negative according to whether in guing round 
the sides in the order of the letters used in naming the triangle we 
always have the triangle on our /eft or right. With this convention, 
SODA will represent an area equal and opposite to AOAD, so that 
SODA + AOAD = 0, and the proofs of the two cases given above will 
be found to be identical. ] 
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71. Generalization.—Jf any number of forces act at a point in one 
plane, the algebraic sum of their moments about any point in that plane is 
equal to the moment of their resultant. 


Let P,, Po, Ps be any number of forces acting in one plane at A. 
Let 0 be any point in that plane. 

Let X,, Vy be the resolved part of P, along and perpendicular to 
OA. Let X,, Y, and X,, Y; be the resolved parts of P,, Ps. Then 


moment of P, about 0 = moment of Y, about 0 = OAx ¥,, 
and similarly for the others. 
Therefore 
algebraic sum of moments of forces about 0 = OA x (Y,+ ¥,+ Y3;+...). 
But, if R denotes the resultant, X, Y its resolved parts along and 
perpendicular to OA, then 
Y= ¥,+ ¥Yo+ + Yy+...; (§ 30.) 
algebraic sum of moments about 0 = OAx Y 
= moment of & about 0. 
The same thing may also be proved by combining two of the forces 
and then combining their resultant with a third force, and so on. 
Cor, 1. If any number of forces acting at a point in one plane are in 
equilibrium, the algebraic sum of their moments about any point in 


the plane is zero. 
For their resultant is zero; therefore its moment about any point 


ig zero. 


Cor. 2. If the algebraic sum of the moments of any number of 
forces about a point O in their plane vanishes, the forces either are in 
equilibrium or have a resultant passing through 0. 


72. Difference between the moment and the work of a 
force.—If we compare the definitions of § 36 and § 61, we shall 
observe that both the moment of a force about a point and the work 
of a force are products of forces into lengths of straight lines. But 
the moment of a force about a point is the product of a force into a 
straight line at right angles to it, while work is the product of a 
force into a straight line in the same direction. 

Thus, let a force P be applied to 
a particle at A. Then 


moment of 7’ about O 
= Fx OM (Fig. 67) 
= OAxresolved part of P 
perpendicular to OA: 
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work done in moving the particle from A to 0 
= Px AM= AO x resolved part of P along AO. 


It is also to be observed that the moment of a force is a purely 
statical idea, but work is only done when motion takes place. 


*73. We may apply the Principle of Work to show that the moment 
of a force about any point measures its tendency to produce rotation 
about that point, as follows :— 


Let a body be rotated about the 
fixed point 0 by force of mag- 
nitude P, applied at the end of the 
arm OM and always acting -perpen- 
dicular to OM. Then, inthe course 
of one complete turn about 0, 
the particle M describes a circle 
whose centre is O and whose cir- 
cumference is 2rx OM. But the 
force P always acts in the direction 
in which M is moving. Hence the 
work done by Ff is found by multiplying P into the whole length of 
the path described by M; 


work of P in one revolution = Px 27.0M. 





Fig. 68. 


= 2rx moment of P about O. 


But the work done in one turn must evidently be proportional to 
the tendency of /’ to produce rotation. Therefore this tendency is 
proportional to the product Px OM; that is, to the moment of P 
about 0. 

Again, suppose a body, moveable about a fixed point O, is acted on 
by any number of forces in equilibrium. Let it be rotated through 
one complete turn, and let the directions of the forces rotate with the 
body. Then the forces will continue to remain in equilibrium ; 
therefore, by the Principle of Work, the sum of the works done by 
the several forces is zero, t.e., 


sum of moments of forces x 24 = 0. 


Therefore the algebrate sum of the moments of the forces about O must 
be zero ; thus affording an alternative proof of § 71, Cor. 1. 
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SumMaRy OF REsvurts. 
Moment of force P about point 0 

= Px (perpendicular distance of P from 0). (§ 61. 
Moments are positive which tend in opposite direction to’ 
hands of clock. (§ 62.) 
Moments are positive about points on left-hand of force. 
If force P is represented by AB, then its moment about 0 
= 2. AOAB. (§ 63.) 
= OA x (resolved part of P perpendicular toO0A). (§ 65.) 
Varignon’s Theorem or the Equation of Moments.—The 
moment of resultant of two (or more) forces = algebraic 
sum of moments of its components. (§ 69.) 

[Proved for parallel forces in the next chapter, § 79. | 
For equilibrium about a fixed point, the algebraic sum 
of the moments must be zero. (§ 68 and § 71, Cor. 2.) 


EXAMPLES V. 


1. Find the moment round a point 0 of a force of 3 lbs. acting at 
a point A along a line AB, where OA is equal to 10 ins., and the angle 
OAB equals (i.) 90°, (ii.) 45°, (iii.) 135°, (iv.) 120°. 

2. ABC is a triangle, right-angled at C, and having the angle B 
equal to 60°. Forces 3, 4, 5 act along AB, BC, CA, respectively. 
Find the moment of each round the opposite angular point. 


3. OA, OB are chords, 4 and 5 ins. in length, of a circular disc 
OACB, whose diameter OC is 6ins. If forces of 3 and 4 Ibs. act 
from O along these chords respectively, find how the disc will hegin 
to move, the point C being fixed. 


4. Explain why a boy, pulling hold of the rim of a garden roller 
at its top point, can pull back a much stronger boy catching hold of 
the handle. If the first boy pulls the roller back in a horizontal 
direction, and the second pulls the handle in a direction making an 
angle of 30° with the horizon, compare the forces which they exert 
on it if no motion takes place. 


5. Forces act along all the sides but one of a plane polygon, and 
are represented by the sides in magnitude; prove that, when they all 
act the same way round, their resultant is a force parallel to the 
remaining side and represented by it in magnitude. Prove, also, that 
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the lino of this resultant forms with the remaining side a parallelo- 
gram whose area is twice the area of the polygon. 


6. A horizontal rod 8 ft. long has a weight of 1lb. at one end, 
upward forces of 2 and 3 lbs. act at distances 2 and 6 ft. from that end, 
and a weight of 4 lbs. hangs from the other end. Taking the first end 
as the left-hand end in a figure, write down the moments of the forces 
about each end of the rod and about its middle point, prefixing the 
proper sign to each. Also find the algebraic sums of the moments 
about these points. 


7. Forces of 1, 3, 5, 7, 9, 11 lbs. act alang the sides AB, BC, &c., of 
a regular hexagon ABCDEF. Find the moment of each force about 
the point A. 


8. Draw an equilateral triangle ABC, and suppose each side to be 
4 ft. long; a force of 8 units acts from A to B, and a force of 10 units 
from C to A. (a) Find the moment of each force with reference to 
the middle point of BC. (b) Find a point with reference to which 
the forces have equal moments of opposite signs. 


9. Draw a square ABCD; suppose forces of FP and Q units to act 
from A to B and from A to D, respectively. Find the perpendicular 
distance of the line of action of their resultant from C. 


10. Two forces of 5 lbs. and 12 lbs., respectively, act at right 
angles. Find the locus of the points in their plane round which the 
sum of their moments is 3}. (Apply Varignon’s Theorem.) 

11. A system of forces in a plane is such that the sum of thoir 

, moments about a point A in that plane vanishes. If the forces are 
not in equilibrium, what do we know about their resultant ? 


12. A square whose side is 3 ft. long is divided into 9 smaller 
squares, wach | ft. square. Forces of 3, 4, 5, 6 lbs. act along the sides 
of the middle square taken in order, in such directions that their 
moments about any point inside that square are all positive. Writo 
down the moments of each force about each of the four angular points 
of the large square, prefixing the proper sign to each, and find the 
algebraic sum of the moments about each of these four points. 


13. ABCD is a square. Equal forces (P) act from D to A, A to B, 
and B to @, respectively, and a fourth force 2P acts from € to D. 
Find a point such that, if the moments of the forces are taken with 
respect to it, the algebraical sum is zero. 


CHAPTER VI. 


PARALLEL FORCES. 


74. “Like” and “unlike” parallel forces.—In the 
preceding chapters we have considered the equilibrium of 
forces whose directions intersect one another. In the 
practical applications of mechanics, however, parallel 
forces are of even more frequent occurrence than inter- 
secting forces. 

The following definitions will be required :— 


Derinition.— Parallel forces which tend in the same 
direction are said to be like. Those which tend in 
opposite directions are said to be unlike. 

If a force acting in one direction be regarded as 
pusitive, it is convenient to regard any unlike force as 
negative. 

Thus, if there be forces of 28 lbs., acting upwards, and 56 lbas., 
acting downwards, and we consider the upward direction as positive, 


the two forces will be unlike, and the complete expressions for them 
will be +28 lbs. and — 56 Ibs., respectively. 


70. Composition of parallel forces (preliminary 


observations). 2 
L 


a ee 





When two parallel forces 
P, Q act at any two points 
A, B of a rigid body, their 
resultant, if it exists, may be 
deduced from the resultant 
of two intersecting forces by P 
making use of the theorem j{---- 
of § 51. If, at A and B, 
we apply to the body equal Fig. 69. 
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and opposite forces F and —F, both acting in the 
straight line AB, these will not affect the equilibrium of 
the body as a whole. Now compound P with F, and Q 
with — F’. 

The two former are equivalent to a single force S at 
A, and the two latter to a single force T at B; hence 
the two forces S, T are equivalent to P, Q. 

Now let the forces 8, T, on being produced, intersect 
one another in 0. Then they must be equivalent to 
a single resultant force passing through 0. This force 
will also be the resultant of the parallel forces P, Q. 

Hence P, Q are equivalent to a single resultant 
force. 

The method fails if the forces S, 7' are themselves 
parallel, and we shall now show that this only happens 
when P, Q are equal unlike forces. 


For if ADGH, BEKL be the Parallelograms of Forccs at A, B, 
respectively, 


then, since DG is parallel to KE and AG to BL, 
LADG = ZBEK, and ZDAG = £4EBK. 
Also, since AD, BE represent equal and opposite forces, 
AD = EB. 
DG = KE, or AH = LB. 


Therefore the forces /, (, represented by AH, BK, are equal and 
opposite. 


76. Couples. — Derinition. — Two equal but unlike 
parallel forces are said to constitute a couple.* 


Hence the result just proved shows that two parallel 
forces are always equivulent to a single resultant force unless 
they constitute u couple. By § 51 the two forces forming a 
couple are not in equilibrium. 


In the present chapter we shall deal with parallel 
forces that do not form couples. We shall, therefore, 
always assume that they have a resultant or else that 
three or more of them are in equilibrium. 


* Hence a couple in Statics docs not simply mean ‘two of anything” as in 
ordinary language. 
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77. To find the resultant of two like parallel 
‘forces. 


Let P, Q be the two parallel forces, A, 8 any two points 
on their lines of action which we may suppose to be their 
points of application. 

At A introduce a force of magnitude F along AB, and 
at B introduce an equal and opposite force F along BA 
(that is, ~F along AB); these two forces will balance 





Fig. 70. 


each other, and will not affect the resultant. Let S be 
the force compounded of P and Ff, T' the force compounded 
of Q and — F. 

Then the forces S and T will intersect at a point M 
between the forces P, Q, and will have a resultant RB 
acting at M, which will also be the resultant of P and Q. 


Draw CM parallel to P or Q, cutting AB in C. 


Replace the force S at M by its components along CM, 
and parallel to AC. These components are, of course, the 
same as when S acted at A, and are therefore P, F. 
Similarly, replace the force 7’ at M by its components 
along CM and parallel to A@; these components are Q, 


Thus the two forces P, Q or 8S, T are together 


equivalent to forces P+ Q acting along CM, and F—F or 
zero parallel to AC. 
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Hence the resultant of P,Q is P+Q acting along CM ; 
or, in words— 


The magnitude of the resultant is the sum of 
the components. 


The direction of the resultant is parallel to the 
components. 


The position of the resultant may be found as 
follows :— 


Since the forces at A are parallel to the sides of A ACM, 
therefore, by the Triangle of Forces, 


P _ CM bs 
F740 7 PxAC = Fx CM. 

Similarly,* since the forces at B are parallel to the 
sides of ABCM, 

_ om 

CB’ 

PxAC=QxCB. 

If AB is taken at right angles to the forces, this relation 
expresses the fact that the moments of P, Q about C 
are equal and opposite. 

We may also write the above relation, 

AC _Q. 

CB P’ 
which shows that AC is greater or less than CB, according 
as Q is greater or less than P. Hence 


The resultant lies between the two forces P, Q, 
and is nearest to the greater force. 


& or PxXCB= Fx CM. 


It divides the line AB in the inverse proportion 
of the forces. 





* The sides of AACM do not represent the furces at A on the sume scale that the 
sides of ABCM represent the forces at B. In the former triangle, AC represents F 
and CM represents P. In the latter, BC represents F and CM represents @. Hence 
the scales of representation in the two triangles are different. 

Note also that, elgebruically, we should strictly have @,(-F) = CM/B8C, and, 
since CB = -— BC, this gives Y/F = CM/CB, as stated. 
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line perpendicular to the forces P, Q, R and cutting them 
in A, B, C, respectively. In this straight line apply two 
equal and opposite forces F, —F. Let 8, 7’ be the forces 


~>~y 






A C 
Fig. 72. 





compounded of P, F and Q, —F, respectively; then R, 
the resultant of parallel forces P, (J, is also the resultant 
of the forces S, 7. Now the forces S, T intersect one 
another (since P, Q do not form a couple). 


moment of R about 0 = algebraic sum of moments 
of S, fi 


Now moment of Rabout 0 = Rx OC. 


Also P, Q are the resolved parts of S, 7 perpendicular 
to OABC. 


moment of S about 0 = PxOA; 
moment of T about 0 = Qx OB. 
Rx0C0 = Px0A+Q~x0B; 


or moment of R about 0 = algebraic sum of moments 
of P, Q about 0. 


This relation is sometimes called the Equation of 
Moments. 


Cor. 1. When three parallel forces are in equilibrium, 
the algebraic sum of their moments about any point in 
their plane is zero. 

For each force is equal and opposite to the resultant of 
the other two; therefore its moment is equal and opposite 
to the sum of their moments. 
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Cor. 2.— When any number of coplanar forces* act on a rigid 
body, the algebraic sum of their moments abvut any point in their 
plane is equal to the moment of their resultant. 


Consider two of the forces. Whether these intersect or are parallel, 
algebraic sum of their moments about 0 = moment of their resultant. 

Combine this resultant with a third force; then, algebraically, 
algebiaic sum of moments of the three 


= moment of third force + moment of resultant of first two 
= moment of resultant of all three forces, 
and so on, till all the forces have been componnded together. 


OxssERvATiIon.—In finding the position of the resultant of two or 
more parallel forces, it is usually better to apply the present principle 
by ‘‘ taking moments,”’7.e., writing down the ‘equation of moments’’ 
about any convenient point, instead of employing the results proved 
in §77 or $78. Asarule it is most convenient to take a point in the 
line of action of one of the forces, because the moment of the force 
is then zero. We may, however, take moments about a point on the 
resultant, or about any point whatever. 


Exumples.—(1) To find the resultant of two like forces of 4 lbs. 
and 4 lbs. applied at the ends of a rod 3 ft. long perpendicular to its 
length. 


Let AB be the rod, C the point at which the resultant cuts it. 
(Fig. 72 may be used, taking / = 6 lbs. and Q = 4 Ibs.) 

Since the forces are like, their resultant = 4+ 5 lbs. = 9 Ibs. 

Take moments about A. Then the moment of 9 lbs. at C equals 
the sum of the moments of 5 lbs. at A and 4 lbs. at B, whence, taking 
a foot as the unit of length, 

9xAC=5x044xAB = 0+4x3 = 12°: 
“. AC = 2 ft. = 14 ft. = 16 ins. 


Therefore the resultant acts at a distance of 16 ins. from the 
6 Ib. force. 


(2) To find the resultant of two unlike forces of 5 lbs. and 4 lbs. 
applied at points distant 3 ft. apart. 


Let A, B, C be the points of application of the forces and their 
resultant. 


Since the forces are unlike, their resultant = 5-4 lbs. = 1 Ib. 











a eee 


* I.e., forees in one plane, 
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Taking moments about A, the equation of moments gives 
1xAC=5x0-4xAB = 0-4x3 = —12; 
AC = ~—12 ft. or CA = 12 ft. 
CB = 124+3 = 15 ft. 


TA Slbs: 
at 12ft | 3Fl 
C A B 


Q Vélbs 
Fig. 73. 

Therefore the resultant acts at distances of 12 and 10 ft. from the 
6-Ib. and 4-lb. forces respectively. 

(3) To find parallel forces which must be applied to a bar 9 ft. long 
in order that their resultant may be a force of 12 lbs. acting at 2 ft. 
distance from one end. 

Let P, Q be the required forces, BC the bar, A the point at which 


the resultant acts. 
Taking moments about (@, we have 


PxCB = Qx0 +12xCA; C A B 
wv. Px9 = 12x22 = 24; | 
. P= % lbs. = § lbs. = 22 lbs. | | | 
Also P+Q = 12 lbs. ; Qa 12 lbs. P 
Q = 12-2 = 9} Ibs. Pig. 74. 
80. Conditions of equilibrium of three parallel 
forces. 
If three parallel forces are in equilibrium, each 
force is proportional to the distance between the 
other two.* 


Let P, Q, @ represent the P 0. 
forces algebraically (so that | | 
P, Q, # are positive or nega- A B 
tive according to the directions | 
of the forces). Let a straight ¥ 


line be drawn, cutting them at 
right angles in A, B, C. Fig. 76. 

hen the sum of the moments of P, Q, # about any 
point is zero. 





* For the following proof § 81 may be substituted as an alternative. 
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Taking moments about A, B, @ in succession, we have 
P.O +Q.AB+R.AC=0; 
P.BA+Q.0 +R.BC=0; 
P.CA+Q.CB+R.0 =0. 

These give, respectively, 

Pe gee Di Pie Bg Die EF 
AB” AG’ BC” BA’ CA™~ GB 
Now CA is equal and opposite to CA—that is, 
AC = —C@A. 
Similarly, BA=-—AB, CB=—BC. 
With these substitutions, the last relations become 
bBo, Polk, BLP 
AB CA’ BC AB’ CA” BC’ 
Hence the conditions of equilibrium may be 
written in the symmetric form, 
PP. @QwL_KR 

BO CR AB Cee ) 

[Notice that F stands over the length which does xof contain the letter A; 

(, A over the lengths which do not contain B, C. respectively.) 

This relation holds youd for the directions as well as the 
magnitudes of the forces. 

Thus, taking the points in the order of Fig. 75, since 
A, B, C lie in a straight line, the two lengths BC, CA are 
together equal and opposite to the third length AB, so 
that, algebraically, BC+CA+AB = 0. 


Hence the two forces P, Q are together equal and opposite 
to the third, so that, algebraically, 


P+Q=-—f, or P+Q+R=09 


The conditions of equilibrium of three parallel forces 
may also be stated thus: 


The two extreme forces act in the same direction, and the 
middle force acts in the reverse direction and 1s equal and 
opposite to their sum. Also each force is proportional to the 
distance between the other two. 
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Example.—A rod 10 ft. long, whose weight W acts at its middle 


oint, has a weight 3/V’ attached to onc end. To find at what point 
it must be supported in order to rest balanced. 


Let A be the ond, @ the middle point of the rod, D the point of 
support, and let & denote the reaction at D. 


A D C B 
1ntt.A 38 ft. 6 ft. 
| ; 
3 


Fig. 76. 
Then, by the conditions of cquilibrium, 


Wear _ oR, 
AD DC CA’ 
DC = 3AD. 
AC = AD+DC =4AD avd AD = }jAC. 
But AC = 5 ft. Therefore 
AD = 4 ft. = 13 ft., DC = 3AD = 33 ft. 
Hence the rod balances about a point 14 ft. from the end at which 
317” is attached. 


81. Generalization.— If the straight linc ABC, instead 
of being drawn perpendicular to the forces, is drawn cutting 


them in any other direction, the conditions of equilibrium 
are still expressible in the form, 


Pe ae A te 
BC CA AB” 
For, since & is cqual and opposite to the resultant of P and Q, 
we have, by $ 77 or § 78, 


oa. CA Pee on CA 
Q= Px Fh and R= -(P+Q = p(i+ 0%) 
BC+CA BA AB 
= et fp = —_ P= = ees 
BC BC P Rc? 
PoHa_Rk 
whence BC ~ CA AB’ 
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82. Experimental verification. — (a) Detaits or 
EXPERIMENT. — To verify, experimentally, the conditions 
of equilibrium of three parallel forces, take any rod, and 
first find @ the centre of gravity (7.¢., the point at which 
its weight acts) by making it balance on a support placed 
at that point. Now suspend the rod from two spring 
balances attached at any two points A, 8, and hanging 
vertically; at @ attach any known weight, and read off the 
spring balances. 





Fig. 77. 


(b) Oxpservev vacts. —It will be found that the two 
readings, when added together, are exactly equal to the 
weight of the rod together with its attached weight, both 
of which act at C@. 

Now let the distances AC, CB be measured. Then, if 
the experiment be carefully performed, it will be found 
that the readings of the two balances attached at A, B, 
and the total weight at C, are proportional, respectively, 
to the lengths BC, CA, AB. 


(c) Devvetions.—Hence, if # denote the total weight at 
C,and P, Q denote the upward thrusts exerted on the 
rod by the two spring balances, we shall have 

R= —(P+Q), PxAC = QxCB, 
P Q R 

d = ae oY = 

= Bo ~ CA ~ AB’ 


agreeing with the conditions of equilibrium already found. 
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ORsERVATION.—The experiment can be varied by attaching a third 
spring balance instead of the weight at C. If the three spring 
balances are placed hvurizontally instead of hanging vertically, the 
weight of the rod will not affect the equilibrium, and it will be found 
that the readings of the three spring balances attached to A, B, C are 
respectively proportional to BC, CA, AB, thus verifying the conditions 
of § 80. 


SuMMARY OF RESULTS. 


The resultunt of two like parallel forces P, @ at A, B has its 
magnitude = P+(J = sum of forces, 
direction parallel to P, Q, 
point of application C between A, B, such that 
Px AC = ()x CB. (§ 77.) 
The resullant of two unequal unlike parallel forces P, Q, 
where > (J, has its 
magnitude = ?—() = difference of forces, 
direction parallel to and in sense of greater force P, 


point of application @ on the side of the greater 
force, remote from the lesser (7.e., on BA pro- 
duced through A), so that 


PxCA=WxCB. (§ 78.) 


The condlitaons of equilibrium of three parallel forces 
P, Q, R acting on a rod at A, B, C0 may be written 


Db (J hh 
= —— eel iesatcemeveune Aoks 
BC CA™ AB Se 
and the middle force is opposite in direction to the other 
two, and equal to their sum. (§ 80.) 


Varignon’s Theorem holds good for parallel as well as 
for intersecting forces, and asserts that the algebraic 
sum of the moments of two or more forces is equal to the 
moment of their resultant. (§ 79.) 
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EXAMPLES VI. 


1. Find the resultants of each of the following pairs of like parallel 
forces at the given distances apart, stating in each case the magnitude 
of this resultant and its distances from each of the two components, 
und ilustrating by figures :-— 

(i.) 1 Tb. and 3 Ibs., 2 ft. apart. 

iii.) 5 Tbs. and 7 Ibs., 3 ft. apart ; 
Gii.) 104 Tbs. and 14 Ibs., 1 yd. apart. 
(iv.) 4 lbs. and 10 lhs., 42 ins. apart : 
(v.) } ton and } ton, 6 ins. apart ; 

(vi.) 400 and 600 grammes, 10 em. apart. 


2. Find, in like manner, the resultants of pairs of wfke parallel 
turces Whose magnitudes and distances apart are given by the data 
of Example 1. 


3. A rod lu ft. long, whose weight may be neglected, has massos 
of 8 lbs. and 11 lbs. attached one to each end. Find the point about 
which it will balance and the force of pressure on its support. 


4. Two unlike parallel forces, of 1 and 2 units respectively, act 
upon 2 rigid body, at points 1 ft. apart. Find the magnitude and 
point of application of their resultant. 


4, A uniform bar, 10 ft. long, balances over a rail, with a boy, 
weighing three times ax much as the bar, hanging on to the extreme 
end of it. Draw a figure showing it» balancing position. 


6. Show that the resultant of two unlike parallel forces acts towards 
the side of the greater of the two forces, and can never at between 
them. What happens if the forces become cqual : 


7. Two men are carrying a bar 16 ft. long, and weighing 150 Ibs. 
(ne mun supports it at a distance of 2 ft. from one end, and the other 
man at a distance of 3 ft. from the other end. What weight docs 
each man bear? 


8. A uniform rod, 6 ft. long, and weighing 5 lbs., is laid on a table 
with 6 ins. projecting over the edge. What weight can be hung on 
the end of the rod before the rod will be pulled over # 
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9. Two parallel forces P and Q act at two points in a straight line, 

6 ins. apart, in opposite directions. Their resultant is a force of 

1 Ib. acting at a point in the line 4 ft. from the larger of the forces 
“Pand Q. Determine the values of P and Q. 


10. A uniform heavy beam of length 7 ft. rests horizontally on two 
supports, one at one end and the other 54 ft. from that end. If the 
greatest mass that can be hung on the other end of the beam without 
disturbing the cquilibrium be 16 lbs., find the weight of the beam. 


11. Apply the Equation of Moments to deduce the magnitude and 
position of the resultant of (i.) two like, (ii.) two unlike, parallel 
forces applied perpendicular to the straight line joining their points 
of application. 


12. Conversely, employ the results proved in §§ 77, 78 to establish 
the Equation of Moments for two parallel forces. 


13. A rod 12 ft. long, whose weight may be neglected, rests hori- 
zontally with one end on the edge of a table and the other supported 
by a vertical string. A mass of 18 lbs. is attached to the rod at a 
certain point. If the tension of the string be equal to the weight of 
12 lbs., find the force of pressure on the table and the point where the 
weight is attached. 


14. Find by how much the greater of two parallel forces P, Q 
acting in opposite directions must be diminished in order that the 
distance of the line of action of the resultant from that of 7? may be 
the same as that of the line of action of the former resultant was from 
that of Q ? 


CHAPTER VII. 


MACHINES—THE LEVER—THE WHEEL AND 
AXLE. 


83. A machine in Mechanics means any contrivance 
in which a force applied at one point is made to reise a 
weight or overcome a resisting force acting at another 
point. The former force is called the effort or power, the 
latter the resistance or weight.* We may suppose, by 
way of illustration, that the effort is applied by a man who 
works the machine, and that the resistance is the weight 
of a heavy body which the man has to lift off the ground. 


Machines are nsed for the following purposes :— 

(1) To enable a person to raise weights or overcome 
resistances so great that the effort he is capable of exert- 
ing would be insufficient without the use of a machine. 


Example.—A truck drawn up an inclined planv when it is too 
heavy to be lifted bodily off the ground. 


(2) To enable the motion imparted to one point of a 
machine to produce a inuch more rapid motion at some 
other point. 

Example.—A bicycle. 

.(3) To enable the effort to be applied at a more con- 


— 








* The terms ** power" and * weight" are used in the older books ou Mechanies, 
and still sometimes: oceur in cxamination papers; but “ power” alsu simifes 
“‘rate of working,” such as horse-power, and machines are often used in ever- 
coming resistances other than those due to gravity or ‘ weirht,” 


92 STATICS. 


venient point, or in a more convenient direction, than 
that in which the resistance acts. 

Example.—A poker used to stir the fire to avoid putting our hands 
into the glowing coals. 

In every case a machine must be capable of moring the 
point of application of the resistance, 1.e., of doing work 
against the resistance, and the Principle of Work teaches 
us that, in all cases, an equal amount of work must be 
done by the effort in moving the machine; in other words, 
we must put as much work into the machine as we want to 
get owt of rt. 


84. The mechanical powers.—The simplest forms of 
machines are called the mechanical powers, and it is 
usual to distinguish the following six forms of them :— 


The inclined plane. [Chap. III. ] 
The wedge. Chap. IV.] 
The lever. 


The wheel and axle, and windlass. 
The pulley and systems of pulleys. [ Chap. VIII. ] 
The screw. [ Chap. IX. ] 


In every case we suppose these machines to be devoid 
of friction, and in Statics we are chiefly concerned with 
finding the relations between the effort and the resistance, 
when there is equilibrium. 


85. Mechanical advantage. — Drrinirion. — The 
mechanical advantage is the number which expresses 
what multiple the resistance is of the effort, 2.c., 


resistance 
effort 


Consider, for example, a smooth inclined plane at a slope of, say, 
lin 20. By applying a force of 1 cwt. along the plane, it is possible 
to draw a weight of 20 cwt. or 1 ton up the plane, and if the plane be 
long enough, this weight may be raised to any desired height. The 
resistance to be overcome is that due to gravity, viz., the weight of 
20 cwt. It is therefore twenty times the effort, and we say that 
the mechanical advantage is 20. Generally for a smooth incline of 
1 in », the mechanical advantage is » if the effort acts up the plane. 


mechanical advantage = 
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86. The lever is a rigid bar capable of turning freely 
about a fixed point of support. This point is called the 
fulcrum. The effurt is a force applied at any point of 
the lever, so as to turn it about the fulcrum, and thus to 
raise a weight or overcome a resistance applied at any 
other point. The arms of the lever are the portions 
joining the fulcrum to the points of application of the 
effort and resistance. 

The lever is most often a straight rod, the two arms therefore 
being in one straight line, and the effort and resistance generally 


act perpendicular to the arms. But these are mere matters of 
convenience. 


87. To find the mechanical advantage of the lever 
when the forces act perpendicular to the arms.— 
Let @ be the fulcrum, CA, CB the arms, and let a force P 
applicd at A perpendicular to CA support a resistance Q 
applied at B perpendicular to CB. Then the condition of 





Fig. 78. 


equilibrium requires the moments of P and Q about ¢ to 
be equal and opposite ; v.e., 

Px@A+QxCB=0, or PxCA=QxBC 
(remembering that BC is to be regarded as equal and 
opposite to CB). This condition may be written 

QCA 
PBC’ 
resistance 
effort ~ 
— _ arm of effort «4 ); 
arm of resistance 


mechanical advantage, or 
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or the effort and resistance are inversely proportional to the 
arms on which they act. 

Hence, by applying the effort at the end of a long arm 
and the resistance very near the fulcrum, the mechanical 
advantage may be made very great, and a man may raise 
a weight many times greater than he could lift bodily off 
the ground. 

Example.—Thus, by exerting a force of 1 lb. at a distance of 2 ft. 
from the fulcrum, we can lift a weight of 2 ]bs. applied at a distance 
of 1 ft. from the fulcrum, or a weight of 24 lbs. applied an inch away 
from the fulcrum. 


88. Mechanical advantage of levers in general.— 
Where P, (, the effort and resistance, do not act perpen- 
dicularly to CA, CB, the arms of the lever, we must drop 





a 
=18 lbs 


Fig. 79. 


2 


Ca, Cb perpendicular on the lines of action of P,Q. By 
taking moments about (, the condition of equilibrium 


now becomes PxCa=QxCb. 
Q 


mechanical advantage > 


_ Ga _ __ perp. dist. of effort from fulcrum 
Cb ‘perp. dist. of resistance from fulcrum 


OxssERVATIONS.—The only difference therefore is that the perpen- 
diculars Ca, Cb are no longer the arms of the lever. We might, if 
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we liked, replace the lever with one whose arms are Ca, Cb without 
altering the mechanical advantage. 

As a rule, in all such cases it is advisable to start with the 
Equation of Moments in working numerical examples, and not to 
assume formule which are only particular cases of that equation. 


Example.—A straight lever, whose arms are 2 ft. and 3 ft. long, 
rests at an inclination of 60° to the horizon, anda weight of 18 Ibs. 
hangs vertically from its shorter arm. To find the horizontal force 
which must be applied to its longer arm in order to balance. 


Let ACB be the lever (Fig. 79). Then, if 2, @ denote the effort 
and weight, these forces make angles of 60° and 30° respectively 
with AB; thereforc their resolved parts perpendicular to AB are 
4P./3 and $Q respectively. Their moments about C are the products 
of these resulved parts into the arms CA, CB. Therefore the Equation 
of Moments gives 


$PJ/3x CA =4QxCB; 
APV/38x3 = 4.18 x2 
. 18 x 2 
d force 2 = ~- —— 
whence required force 43 
a RO 2 45 The, 


89, The three classes of lever. — Sfraight levers 
are sometimes divided into three classes, according to the 
relative positions of A, B, C, the points of application of 
the effort and resistance and the fuleram. We shall suppose 
the effort and resistance to be parallel. In considering 
the different cases, it 1s most convenient to use the sym- 
metrical conditions of equilibrium of three parallel forces. 
If # be the reaction of the fulcrum on the lever, we have, 
therefore, by § 80, 

Pet. & 
BC” CA AB’ 

This relation holds good as regards both magnitude and 
direction, like and unlike forces standing over lengths 
measured in like and unlike directions, respectively. 

The thrust of the lever against its support at C is a 
force equal and opposite to #. For convenience we will 


suppose that the resistance Q@ is a weight which always 
acts downwards. 
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90. A lever of the first class (Fig. 80) is one in 
which the fulcrum is placed between the effort and 
resistance, the points occurring in the order A, C, B. 

Here BC and CA are drawn in one direction, and AB 
in the opposite direction. 


t 


A . Ic B 


pee ee ey: 
pan a= 
| 
Za 
Fig. 80. 


Therefore P, Q both act in one direction, and R in the 
opposite direction. 

Thus the effort must be applied downwards, and the 
reaction acts wpwards, so that the lever presses downwards 
on the fulcrum. 

In this lever, BC may either be greater or less than or 
equal to CA. Therefore the effort may either be greater 
or less than or equal to the weight which it has to lift; 
so that the mechanical advantage may be less, greater than, 
or equal lo unity. 

And since BA = BC +CA, the reaction RF is equal and 
opposite to the sum of P and Q, or numerically 

=r +e Q. 

Examples of this class—The handle of a pump; a crow- 

bar when it rests on a block in front of the weight to be 





lifted and not with its end on the ground (Fig. 81); a 
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poker, used to raise the coals in a grate, » bar of which 
is the fulcrum ; a spade, in digging ; a see-saw. 


Double lerer.—A pair of scissors. Fig. 82 shows the 
forces acting on the arms of the scissors, those on the 
dotted arm being accented. 


- ae 


2 






P 


~e 
lt Et lial 


Fig. 82. 


91. A lever of the second class (Fig. 83) is one in 
which the resistance is placed between the fulerum and 
the effort, and the points of application, therefore, occur 
in the order A, B, @. 

Hence AB and BC are drawn in one direction, and CA 
is in the opposite direction. 





Fig. 83. 


Therefore P and & both act in one direction, and Q in 
the opposite direction. 

Thus the effort must be applied upwards, and the 
reaction of the fulcrum also acts upwards, so that the 
lever presses downwards on the fulcrum. 

STAT. H 
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Since CA > CB, the effort is less than the weight; so 
that the mechanical advantage is always greater than unity. 

And since AB = AC—BC, the reaction is equal to the 
amount by which the weight exceeds the effort, or 

k’'= Q—P. 

Haamples of this class.—A wheelbarrow (Fig. 84), the 
fulcrum being where the wheel touches the ground; a 
crowbar, when the lower end rests on the ground. 





Fig. 84. 


Double lever.—A pair of nut-crackers, the forces on the 
two arms being shown in Fig. 80. 





Fig. 85. : 


An oar is often described as a lever of the second class. It cannot 
be strictly said to belong to either class. If the boat were kept at 
rest and the oar used to scoop the water backwards, it would be a 
lever of the first class, with the rowlock as fulcrum. ‘When the boat 
moves forwards instead of the water moving backwards, the relative 
motion and the relation between the effort applied to the handle and 
the resistance of the water are the same as before, and can be correctly 
Sound by treating the oar as a lever of the first class.* 


* This is proved in a note published in the Philosophical Magazine for Jan., 1687. 
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92. A lever of the third class (Fig. 86) is one in 
which the effort is applied between the fulcrum and the 
resistance, the points of application, therefore, occurring 
in the order @, A, B. 

Hence CA and AB are in one direction, and BC is in the 
opposite direction. 


P 





Fig. 86. 


Therefore Q, R both act in one direction, and the effort 
P acts in the opposite direction. 

Hence the effort must be applied upwards, and the 
reaction of the fulcrum acts downwards ; so that the lever 
presses upwards on the fulerum. 

Since (0B > CA, the effort is greater than the weight ; 
so that the mechanical advantage is always less than unity. 

And since AB = CB—CA, the reaction FR is equal and 
opposite to the excess of the effort over the weight, or 


R= P—Q. 


Examples of this class—The treadle of a turning-lathe 
or scissors-grinding machine; a door-knocker. 





Double lever.—A pair of tongs (Fig. 87). 
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Levers of the third class are rarely usod, for, since the mechanical 
advantuge is less than unity, a greater effort is necessary to overcome 
the resistance than if no lever were used at all. This is sometimes 
expressed by saying that there is mechanical disadvantage. They are 
therefore useless for raising heavy weights. The use of a pair of 
tongs is to enable the effort to be applied at a more convenient 
position. 


93. Onsenvation.—In the solution of problems relating to levers, 
the student is recommonded not to make use of the distinction 
between the three classes of lever, but to work each case out 
independently, either by taking moments or by writing down the 
conditions of equilibrium of the three forces acting on the lever. 

Example.—A slab of stone weighing 1 ton, whose weight acts at its 
centre, is to be tilted up by « crowbar 3 ft. long resting against a log 
of wood in front of it. To find where the log must be placed in order 
that a force of 1 cwt. may suffice to raise the slab. 

Let ACB be the crowbar, 8GD the slab resting on the ground at D, 
G its centre of gravity. Let P, Q, k be the forces acting on the 
crowbar at A, B, C. 

Then the weight of the stone, 1 ton (= WV, say), acts at G, and is 
lifted about D by the force Q acting at B. 








A 

R aA 
x K-——~- 
| 

P 

a 

mM Ww o 

Fig. 88. 


Taking moments about D, 
Qx BD = H’x GD. 
But G is the middle point of BD; 
Q= Wx : = 1 tonx} = $ ton = 10 cwt. 


Taking moments about @ for the crowbar, 
Px AC = Q~x CB. 


Or, since P= 1 cwt., AC = 2 0B - "ce = 10CB; 
AB = AC +CB = 10CB+CB = 1108; 


Hence the crowbar must rest on the log at a point 3,°, ins. from its 
extremity. 


MACHINES—THE LEVER—THE WHEEL AND AXLE. 10] 


94. The wheel and axle are two cylindrical rollers 
joined together with a common axis terminating in two 
pivots about which they can turn freely. The larger 
roller is called the wheel, and the smaller the axle. 
Both the wheel and the axle have ropes coiled round them 
in opposite directions. The rope on the axle supports 
the weight, and the effort is applied by pulling the rope 





Fig. 89. Fig. 90. 


attached to the wheel. As the rope round the wheel 
unwinds, that round the axle winds up and raises the 
weight. Fig. 90 shows an end view of the arrangement. 


Mechanical advantage of the wheel and axle.— 
The condition of equilibrium is the same as if the strings 
were really in a vertical plane perpendicular to the 
common axis as they appear in Fig. 90, and therefore 
the moments of the effort P and weight W about the axis 
are equal and opposite. Here, if a denotes the radius of 
the wheel, und 6 that of the axle, then a, ) are the arms 
on which P and W act, and therefore 


Pu = Wo; 
i.e, effort x rad. of wheel = weight x rad. of axle. 


’.. mechanical advantage = Ww =- 4 = rad. of wheel of wheel 


By making the wheel large and the axle small, the 
mechanical advantage may be made as great as is desired. 
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95. The wheel and axle is thus really equivalent to a lever whose 
arms are the radii of the wheel and the axle. But the lever can only 
be used for raising weights through short distances; the wheel and 


axle will lift them to any desired height. 

Instead of the rope being coiled round the wheel, an endless rope 
may be used, passing round a groove cut in the rim of the wheel, as 
i @ common roller-blind, provided proper precautions are taken to 
prevent the rope from slipping round in the groove. 


96. The windlass (Fig. 91) is a modification of the 
wheel and axle, the only difference being that the effort is 
applied by turning a handle AH at the end of an arm CA. 






I 
| 
U 
! 
! 
{ 
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Fig. 91. Fig. 92. 





It is commonly used for raising buckets of water from a 
well, or earth from a shaft. An improved form has two 
buckets so arranged that the empty one goes down as the 
full one cames up. 


Mechanical advantage.—If a is the length of the 
arm CA, the equation of moments gives, as before, 
Pa= Wb; 
a _ length of arm 


o h. advantage = — = 
and Ce eae radius of axle’ 


the length of the arm thus taking the place of the radius 
of the wheel. 
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If there are two buckets, and the total ascending and descending 
weights are JJ” and w, we shall have, by taking moments, 


Pa = Wh-wh = (W—u) sb. 


Example, — The axle of a windlass is 8 ins. in diameter, and 
carries two buckets of equal weight on opposite sides. To find the 
force which must be applied to a handle, whose arm is 2 ft., to raise 
3 gallons of water, a gallon weighing 10 lbs. 


Let P be the force, the weight of each bucket. Then, since the 
radius of the axle is 41 ins., the arm of the handlo 24 ins., and the 
total weights on the two sides w and tw + 30 Ibs., we have, by moments, 


Px 24 = (w+30)x4-wx4 = 3804; 
whence P= 6 lbs. 
[Notice that the weights of the two buckets balance each other. ] 


97. The capstan (Fig. 93) used on board ship is 
exactly similar in principle, but the barrel turns on a 





Fig. 93 


vertical axis and is worked by one or more men walking 
round and pushing a number of horizontal projecting 
arms (called handspikes). Here the moment of the pull 
of the rope is equal to the sum of the moments of the 
forces exerted by the men. 


Example. — The barrel of a capstan is 3 ft. in diameter, and is 
worked by four men exerting forces of 45, 52, 63, and 64 Ibs. on arms 
each 74 ft. long. The rope passing round the barrel is fastened to 
apier. To find the force drawing the ship towards the pier. 

Let Q lbs. be the required force exerted by the rope. Then, since 
the radius of the barrel is 14 ft., we have, by taking moments, 

Qx« 14 = (45 + 62 + 63 + 64) x 74 ; 
(2 = 224 x 5 lbs. = 1120 lbs. = 3 ton. 
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98. Principle of Work for any machine.— Although 
a small effort may be made to overcome a very large 
resistance with a machine, the Principle of Work, or 
Principle of Conservation of Energy, holds good in every 
case, and asserts that the work done by the effort is 
always equal to the work done by the machine against 
the weight or resistance. 

Hence no work is gained or Jost by the use of a fric- 
tionless machine. 

For instance, if, in any machine, a force of 1 lb. sup- 
ports a weight of 10 Ibs., the former force will have to 
move its point of application through 10 ft. to raise the 
weight through 1 ft. 

This is sometimes expressed by saying that ‘‘ what is 
gained in power is lost in speed.” In more accurate 
language, mechanical advantage is always obtained at the 
expense of a proportionate disadvantage in diminished 
speed. 

Conversely, where increased speed is obtained by means 
of a machine, this is only attained at the expense of 
mechanical disadvantage. 

Exampile.—The arms of a lever are 3 ft. and 1 ft. To find the force 
on the longer arm and the work done in raising a weight of 12 lbs. 
through 1 in., and to verify the Principle of Work. 

Let # be the required force. ‘Then, by taking moments abont the 
fulcrum, 

Px3=12x«1, whence P = 4 lbs. 

Let the Icver be turned about the fulernm. Then the points 
furthest from the fulcrum will move over the greater distances ; and, 
by drawing a figure with the lever in two positions, it is easy to see, 
or to prove, by Euclid VI. 6, that the distances moved by different 
points are proportional to their distances from the fulcrum. Thus, if 
the end of the shorter arm moves 1 in., that of the longer arm will 
move 3 in. 

Now work required to lift 12 Ibs. through 1 in. 

= 12x4, = 1 ft.-Ib. 

Work done by P, or 4 lbs., in moving its point of application 

through 3 ins. = 4x 38 = 1 ft.-Ib. 
work done by # = work required to raise Weight. 
Thorefore the Principle of Work is true in this case. 
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99. Principle of Work for the wheel and axle.— 
Let a, b be the radii of the wheel and axle, and let them 
be rotated through one complete turn. Then a length of 
rope equal to the circumference of the wheel, or 27a, 
uncoils from off the wheel, and a length equal to the 
circumference of the axle, or 27), coils round the axle. 

Hence, distance fallen by P (the effort) 

= circuinference of wheel = 2m, 
and distance risen by W (the weight) 
= circumference of axle = 2b; 
work done by P = Px 2wru, 
and work done against WV = Wx 2zb. 


Gi.) If we assume the equation of moments 


Pxa=wxd, 
then Px2ra = Wx 2x1, 
or work done by P = work done against I, 


verifying the truth of the Principle of Work for the wheel 
and aale. 


(ii.) Conversely, zf we ussume the Principle of Work to 
be true, then rxa=Wwxb, 


verifying the relation between the effort and resistance, which 
is otherwise obtainable from the equation of moments. 


1U0. To find the mechanical advantage of any 
machine from the Principle of Work. 


We shall now show that the mechanical advantage or 
the condition of equilibrium of a machine working without 
friction can very easily be found by means of the Princi- 
ple of Work when they cannot be easily found by other 
methods. 

For let the machine be set in motion. Then it is only 
necessary to compare the distances through which the 
points of application of the effort and resistance move; 
their ratio is the required mechanical advantage. 

For if P, Q denote the effort and resistance, z, y the 
distances moved by their points of application, then the 
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relation work done by P = work done against Q 
gives Pxa= Qxy. 
mechanical advantage, Mast 
Psy 


__ distance moved by point of application of P 
distance moved by point of application of (| 


Examples.—If, by moving a handle through 1 ft., a weight of 
1 cwt. is raised through 1 in., to find the force that must be applied 
to the handle. 

The mechanical] advantage is the ratio of 1 ft. to lin., and is 
therefore 12. 

Hence force required to raise 112 lbs. = 112/12 = 94 lbs. weight. 


101. Toothed or cog- wheels.—By the use of toothed 
wheels, the mechanical advantage of a windlass or other 
similar machine can be increased to any desired extent. 
By counting the number of teeth or cogs on two wheels 
which work into one another, we may find the number of 
turns and fractions of a turn made by one wheel for each 
turn of the other, and in this way determine the relation 
between the effort and weight. 


Exanples.—(1) The handle of a windlass is 1 ft. long, and is con- 
nected to a cog-wheel with 6 teeth, which works another cog-wheel 
with 84 teeth, connected to an axle 9 ins. in diameter on which is 
coiled the rope supporting the weight. To find the force which must 
be applied to the handle to lift 5 cwt. 


Since the cog-wheels contain 6 and 84 teeth, respectively, 
one turn of the axle corresponds to *,* or 14 turns of the handle. 


In one turn of the handle the extremity describes a circle of cir- 
cumference 2m ft., and in one turn of the axle a length 3r ft. of 
rope coils up, drawing up the weight. 


Therefore, by the Principle of Work, if PF is the required force in 


lbs. weight, Pxl4xxnx2 = 560 x wx #. 
pics 2000 29 5 he. weight. 
14x24 


(2) The driving wheel of a bicycle is 90 ins. in circumference, the 
cranks of the pedals are 43 ins, long, and the driving wheel makes 
20 turns for every 9 turns of the crank axle. If the force resisting 
the motion of the machine is } lb., to find the average force which 
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the rider exerts on the pedals, supposing him to press on them 
vertically downwards. 


In each turn of the driving wheel the machine moves forward 90 ins. 

But the turn of the cranks produces 4° turns of the driving wheel. 

Therefore in one turn of the cranks the machine moves forward 
200 ins. = 5,2 feet, and the work done against the resistance is 5 x } 
or 45. ft-lbs. weight. 

But in one turn of the cranks each of the two pedals is lowered in 
turn through a vertical distance = twice the length of the crank 
= 9 ins. = 3 ft. 

Hence, if P lbs. denote the average force which the rider oxerts on 
the pedals, the Principle of Work gives 


Px2x 2 = 23, 
P = 50 = 5°6 lbs. weight. 
Nore.—The student is at liberty to apply the Principle of Work or 
Principle of Conservation of Energy to any problem whatever in 
Mechanics, provided its use is not precluded by the conditions of the 


question (as, for example, where it is required to rerify the principle 
when its truth must not be assumed). 


SuMMARY OF RESULTS. 


Mechanical advantaye of any machine is defined as fraction 


__resistance to be overcome _ @ ., W (§ 85.) 
effort applied to move machine P P- 


Let this be denoted by M, while () or W and I’ have 
their usual meanings. 


In any lever the equation of moments about fulcrum 





. (J _ distance of P from fulcrum 
ives M= 2 => ———— ————— (1). (§ 87. 
8 P distaice of @ from fulcrum COESEE) 


For a straight lever ABC, whose fulcrum is C, the con- 
ditious of equilibrium are 
P Q iy : 
Pog _ ke © gy. 
Be ~ CA~ AB ee 


where # is the reaction of the fulcrum. 
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In a lever of the 
first class, fulcrum is in middle, M> =or <1, (§ 90.) 
second ,, resistance ,, »  Malways >1, (§ 91.) 
third  ,, effort »  Malways <1. (§ 92.) 


In a wheel and aale or windluss, Pa = Qb, or 


_ @ _ rad. of wheel arm of handle 
= b  rad.ofaxle © rad.ofaxle “""" 


(§§ 94, 96). 


The Principle of Work for any machine gives 
work of effort = work against resistance ; 


whence, if «, y are distances traversed by P, Q, 


Pe=Qy, M= ; (§ 100.) 


EXAMPLES VII. 


1. The arms of a lever are 4 ins. and 11 ins. in length, and a 
weight of 413 Ibs. is attached to the shorter arm. Find the power. 


2. A lever, 6 ft. long, having the fulcrum at one end and the 
applied force at the other end, is used to sustain a weight of 1 ewt. 
at a point 2 ft. from the fulcrum. Find the direction and magnitude 
of the pressure on the fulerum. 


3. Two weights 7’and Q balance on a weightless lever, the fulcrum 
being 14 ing. from the middle point of the lever. If each weight 
is increased by 1 Ib., the fulcrum must be moved 4 in. in order that 
there may be equilibrium. Find the force of pressiuc on the fulcrum 
in each case. 


4. Explain carefully why a man stands on the bottom rung of a 
ladder, and holds on to another rung as low down as he can, when 
another man is lifting the ladder. 


5. Two men carry a load of 1 cwt. suspended from a horizontal 
pole 12 ft. long, whose weight is 20 Ibs., and whose cnds rest on their 
shoulders. Find the point at which the load must be suspended in 
order that one of the men may bear 94 Ibs. of the whole weight. 
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6. The drum of « windlass is 4 ins. in diameter, and the power is 
ap plied to the handle 20 ins. from the axis. Find the force necessary 
to sustain the weight of 100 Ibs., and the work done in turning tha 
handle ten times. 


7. Why cannot a man, sitting in « basket, lift himself and the 
basket off the ground by pulling at the handles of the basket ? 


8. What power will balance a weight of 6 ewt. by meuns of a 
wheel and axle whose circumferences ure, respectively, 5 ft. 4 ins. and 
9 ins. ? 


9. A wheel and axle is used to raise a bucket weighing 30 Ibs. 
froma well. The radius of the wheel is 20 ins., and while it makes 
7 revolutions the bucket riscs 11 ft. What is the smallest force that 
will raise the bucket ¢ 


10. Two forces 2’ and Q balance on a lever acting on the same side 
of the fulcrum. [f 7’ be increased by 1 Tb., equilibrium may be main- 
tained by moving 7”s pvint of application 2 ins. ; or tf @ bo increased 
by 1 1b., by moving @’s point of application # in. ; or if both P and 
Q be increased by 1 Vb., by moving both points of application 1} ins. 
Find J’ and 4. 


Ll. In any lever, find the mechanical advantage when the effort is 
applicd at (i.) the point of application of the resistance, (it) the 
fulcrum. Applying this to the case of an oar in a bout, state what 
happens when the oarsman pulls hold of it «* the rowlock, and 
hence show that the oar acts as a lever whose fulcrum is at the 
rowlock. 


12. AB isa weightless lever acted on at A and B ly two equal 
forces and Q, whose directions contain an angle 60°, 7 acting at 
right angles to AB. Find where the fulcrum must be situated so 
that JZ’? and @ may be ia equilibrium, and find the force of pressure 
they exert on the fulcrum. 


13. AB is a weightless rod turning freely round its middlo point C ; 
D is « point vertically under C, such that CD equals half the length 
of the rod; the points B and D are connected by a thread of the sumo 
length as CD or CB. If a weight Wis hung from A, what is the 
tension of the thread BD, and what is the magnitude and direction of 
the pressure on the point Cf 
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14. T'wo weights of 4 lbs. and 8 lbs. balance when suspended from 
the ends of a straight lever with the fulcrum 1 ft. from the larger 
weight. When / lbs. are added to each weight, the fulcrum has to 
be shifted a distance of 2ing. Find the value of Pand the length of 
the lever. 


15. Draw to scale a wheel and axle by which a man, sitting in a 
loop at the end of a rope wound round the axle, can haul himself up by 
pulling at a rope round the wheel with a force only one-fifth of his 
weight. What weight is sustained by the pivots ? 


16. State the principle of the Conservation of Energy, and show 
how it holds good in the case of a lever of the third kind. 
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EXAMINATION PAPER III. 


1. What do you mean by the moment of a force about a point ?P 


2, Show that the algebraical sum of the moments of two forces 
(whose lines of action intersect) about any point im the plane con- 
taining the forces is equal to the moment of their resultant. 

Deduce the rule for compounding two like parallel forcos. 


3. Find the resultant of two parallel forces acting in opposite direc- 
tions. 


4. ABC is a triangle having a right angle at C; BC is 12ft.,and AC 
is 20 ft.; Pisa point in the hypotenuse AB such that AP is one-fourth 
of AB; « force of 50 Ibs. acts from C to B, and onc of 100 lbs. from 
C to A. (a) Find the moments of the forces with respect to P. 
(6) Find the sum (i.«., the algebraical sum) of the two moments. 
(c) If the point P were fixed, in what direction would the forces 
make the triangle revolve? 


5. State the conditions of equilibrium of three parallel forces acting 
upon a rigid body. 


6. A straight line AB represents a rod, 10 ft. long, supported hori- 
zontally on two points, one under cach end ; C is a point in AB, 3 ft. 
from A. What thrust is produced on the points A and B by a weight 
of 30 lbs. hung at C? What additional thrust is exerted on the points 
of support if the rod is uniform and weighs 20 Ibs. ? 


7. Classify the different kinds of levers, pointing out those in which 
there is # mechanical advantage. 


8. Explain how the mechanical advantage of an oar will be altered 
by altering the position of the point in contact with the rowlock. 


9. *‘ What is gained in puwer is lost in speed.’’—Explain clearly 
what is meant by this statement, and show that it is true in the case 
of the wheel and axle. 


10. In a wheel and axle the radius of the wheel is 2 ft. and that of 
the axle is 2ins. What power will balance a weight of 97 lhe. if 


the ropes to which the power and weight are applied are each } in. in 
diameter ? 


CHAPTER VIII 


MACHINES—THE PULLEY AND SYSTEMS OF 
PULLEYS, 


102. The pulley, or pully,* is a wheel with a groove 
cut round its rim so that it can carry a string or rope or 
chain passing round it.f Pulleys turn on pivots, which 
are attached to a framework called a block or sheare, and 
this block is either fixed, or is attached to a string and 
is then moveable. 





Fig. 94. Fig, 95. 


103, In the fixed pulley the weight is attached to 
one end of the string passing round the groove, and the 
effort is applied by pulling the other end. Since the 
wheel is only supported at its centre by the pivots, the 
moments of the effort and weight about the centre 0 are 
equal and opposite ; that 1 is, 





* The word may either be feel slay pineal dl or pally, cilaal vrullies 


+ For the sake of nniformity we shall speak of a string. The weight of this 
string will be assumed too sinall to require to be taken into account. 
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Px0A = Qx OB, 
o1 Px radius of pulley = Q x radius of pulley. 
effort FP = weight Q, 
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mechanical advantage £ SD wesaienve Ch) 


Thus exactly the same force must be applied to lift a 
given weight as if the weight were lifted without the 
pulley. The only ditference is that the force can he 
applied in a different direction; hence the usefulness of 
the fixed pulley hes in its convenience only. 

Thus, in raising building materials to the top of a house, it is tar 
easicr for aman at the bottom to pull down a rope passing over a 


pulley at the top than it would be for a man at the top to hoist 
them up with a rope. 


104. In the single moveable pulley, the weight is 
attached to the block, and the effort is applied to one end 
of the string which passes round the pulley, the other 
end being fixed up. 





@ =2P 
~W+ w 


Fig. 96. Fig. 97. 





In this arrangement, if the strings are parallel, the 
weight is double the effort and the mechanical advantage 
is 2. 

STAT. H 
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For let P be the effort, Q the total weight to be raised 
{including the weight of the pulley itself). By taking 
moments about the point 8 where the fixed-up end leaves 
the pulley, we have 


Q x OB = Px AB, 
Q x radius of pulley = P x diameter of pulley. 
Q= 2P, 
and mechanical advantage Q—P = 2 ......... (2). 


This also follows from the fact that the weight is supported by the 
two pulls in the two parts of the string at A, C, each of which pulls 
is equal to P. 

The single moveable pulley is much used on cranes (Fig. 96) for 
the purpose of doubling the mechanical advantage. 


105. The single-string system of pulleys.* —A 
greater mechanical advantage may be obtained with an 
arraugement containing a number of pulleys. Several 
such “‘ systems of pulleys” are generally described, but 
the most practically useful system is that figured in Figs. 
98, 99, in which a number of pulleys are arranged in two 
blocks, one fixed and the other attached to the weight or 
resistance. The same string passes round all the pulleys; 
it passes alternately round a fixed and round a moveable 
pulley, and is finally attached to one or other of the two 
blocks. 


In practice the pulleys are arranged as in Fig. ¥s, but it is generally easier to 
draw the diagram for an arrangement like Fig. y¥, in which all the pulleys are in 
the same plane. 


Mechanical advantage.—lIf the string be pulled with 
a force P, the pull in every part of the string is P. 
Hence, if x be the number of parts of the string support- 
ing the lower block, Q the lower weight to be raised 
(including that of the lower block and its pulleys), the n 
forces P acting upwards are in equilibrium with Q acting 


* The single-string system is often called the second system of pulleys, and 
the separate-string system, described in § 106, is then called the first system 
These names should be remembered in deference to some examiners, but it is more 
couvenient to describe them in the present order on account of the similarity 
between the so-called first and third systems. 
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downwards; hence, supposing the parts of the string 
vertical, the conditions of equilibrium give 


Q=nP. 





v-znF 


Fig. 99. 





mechanical advantage 2 BE 1k caer ax avees (SB); 


In order that the effort may be applied downwards, the 
free end of the string must hang from a fixed pulley, and 
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this is almost invariably done for convenience in working 
the system. In such cases the number w is also the total 
number of pulleys in the two blocks. 

Thus Fig. 98 represents a system with altogether 8 pulleys, in 
which the mechanical advantage is therefore 8. In Fig. 99, there 
are altogether 5 pulleys, and the mechanical advantage is 6. 

{It will bo found that the mechanical advantage is measured by an 


even or odd number, according to whether the end of the string is 
finally attached to the fixed or to the moveable block.] 


Example.—To find the least number of pulleys in a moveable block 
weighing 10 lbs., in order that a weight of 120 lbs. may be lifted by 
a downward force not exceeding 28 lbs., and to find this force. 


Let 2 be the total number of portions of the string supporting the 
lower block, P the required cffort. Then the pulls P in the strings 
have to support both the attached weight of 120 lbs. and the block 
weighing 10 lbs. ; therefore 

nP = 120+10 = 130 lbs. 
But P is not more than 28 lbs.; therefore »P, or 130, is not more 
than 28, or # is a whole number not less than 14°, that is, 444. 
Therefore n = 5. 

Hence five parts of the string must support the lower block. There- 
fore that block must contain two pulleys, and must have the end of 
the string attached to it as well (Fig. 99). Also, putting 2 = 6, we 


have 5P = 1301bs.; .*. required force P = 26 lbs. 


106. The separate-string system of pulleys* con- 
sists of a number of single moveable pulleys like that 
described in § 104, so arranged that the string hanging 
from one pulley passes round the pulley next below, the 
other ends of the strings being attached to a fixed beam or 
other support (such as the mast of a ship), considerably 
above the highest points to which weights have to be 
raised (Fig. 100). 


The mechanical advantage may be found as follows :— 

In the single moveable pulley a force P applied to the 
string supports a force 2P applied to the block. 

Now suppose the moveable pulley, instead of being 
attached to the weight, supports a string passing over a 
second moveable pulley. Then the mechanical advantage 


The so-called first system. 
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gained by the first pulley is evidently doubled by the 
second, the pull 2P in the second string supporting a 
weight 4P attached to the second pulley. 

Next suppose the second pulley supports a string 
passing over a third pulley. This again doubles the 
mechanical advantage. and the system will now support 
a weight 8P. 





In this way each additional pulley doubles the mechani- 
cal advantage of the system. By using 1, 2, 3 pulleys, 
we get mechanical advantages represented by the numbers 
2, 4, 8. 

Generally, let there be x pulleys, and let (2 denote the 
weight attached to the last pulley. Then, if we leave out 
of account the weights of the pulleys themselves, we have 


Q — 2" P. 
Therefore also p= rer cS 
and mechanical advantage = 2” 


Examples.—(1) If there are (2 =) 4 moveable pulleys, a furce of 
{P =) 10 lbs. will support a weight 


(Q=) 21P = 24x 10 Ibs. = 160 Ibs. 
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(2) If there are (# =) 3 moveable pulleys, the force required to 
support a weight ( Q=) 64 lbs. is 
(P =) Q+2” = 64-+23 = 64+8 = 8 lbs. 


-107. If the weights of the pulleys have to be taken into account, it is 
most convenient to calculate the relation between the effort and 
weight, as in the following examples :— 

Examples.—(1) What weight can be supported by a force of 10 Ibs. 
in a system of 3 moveable pulleys whose weights, beginning with the 
highest, are 1, 2, 3 lbs., respectively ? 

Consider, first, the equilibrium of the highest pulley (A, Fig. 100). 
The forees on it are the two equal pulls of 10 lbs. in the two parts of 
the string round it, acting upwards, and the weight of the pulley 
(1 Ib.) and the tension of the string next below, acting downwards. 
Hence twice the pull of the first string is equal to the weight of the 
top pulley plus the pull of the second string. Applying similar 
reasoning to the other pulleys in succession, we may arrange the 





process thus: ; 
Pull of string round first (highest) pulley A = 10 lbs. 
Multiply by 2 
Total force supported at A, due to weight of = 20 . 
pulley and tension of second string ~ 
Subtract weight of first pulley A 1» 
Therefore pull of string round second pulley B = 19 » 
Multiply by 2 
Total force supported at B = 38 
Subtract weight of second pulley B 2 
Pull of string round third pulley C = 36 
Multiply by 2 
Total force supported at C = 72 
Subtract weight of third pulley C 3 
Required weight supported by system = 69 lbs. 


(2) What force is required to support a weight of 13 lbs. in a 
system of four moveable pulleys whose weights, commencing with the 
highest, are 3, 5, 7, 9 lbs., respectively ? 

Here we are given the weight, and have to find the effort. Hence 
the process is the reverse of that of Ex. (1). We must begin with 
the lowest pulley. Adding its weight (9 lbs.) to the attached weight 
(13 lbs.), we have the total weight supported by the two parts of the 
string round the lowest pulley, and, since the pulls in these two parts 
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are equal, each is half the total weight. Applying similar reasoning 
to each pulley, we may arrange the process as follows, the steps heing 
those of Ex. (1) worked backwards :— 


Weight = 13 lbs. 
Add weight of lowest pulley 9» 


Total force supported by strings round lowest pulley = 22 » 
Divide by 2. 


pull of string round lowest pulley = 11s 
Add weight of next pulley 7» 

2) 18 » 

pull of string round next pulley = 9» 


Add weight of third pulley from bottom 








2) 14 » 
pull of string round third pulley from bottom = 7 » 
Add weight of tup pulley Bo 
) 10 99 
. pull of string round the top pulley = 6 Ibs. 
That is, the required force = fy Ibs 


*108. The inverted separate - string 
system of pulleys,” in which the strings 
are all attached to the weight, is merely 
the system last described (1.¢., the “ first ’’) 
turned upside down. In the scparate-string 
system, the strings were al] attached to 
the supporting beam. and the lowest pulley 
supported the weight. In the present 
system, the strings are all attached to 
the weight, or rather to a rod carrying 
the weight, and the uppermost pulley fixed 
to some support. If Fig. 100 be turned 





upside down (the fixed pulley being omitted), Q-1P 
it will present a similar appearance to 
Fig. 101. Fig 101. 


—— 








eed 


* The so-called third system. This systein is practically useless (see § 110). 
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The mechanical advantage (when the weights of the 
individual pulleys are neglected) is easily deduced from 
this property. Let be the pull which the system exerts 
on its support, Q the weight, P the effort, and let there 
be n pulleys. By inverting the system or otherwise, we 
see that the total forces supported by the several pulleys, 
commencing with the lowest, are 2P, 4P, 8P, &c.; thus 
F in this present system corresponds to the weight in the 


last system, and therefore H = 2"P. 


Now consider the equilibrium of the whole system, 
consisting of the weight and the pulleys. The forces 
acting on it are (J and P pulling downwards and a reaction 
equal and opposite to It holding the system up. Hence, 
since these forces keep the system in equilibrium, there- 


fore R= P+Q. 
Q= R—-P= 2" P—P = (2"—1)P, 
and mechanical advantage = Q—P = 2"—1 ...(5). 


OrsExvation.—The pulls of the strings, beginning with the lowest, 
aru P, 27, 4P, 8P,...2"-!P, and, since these support the weight Q, 
we have Q = P(14+24448+4+...42""1). Now 141 = 2; therefore 
1l+14+2=2+4+2= 4; thercfore 1+14+2+4=4+44=8 and so on; 
therefore 1414+24...42"7) = 2"-142"-1 = 2x 9"-1) = 2" or 
142+44...42"-! = 2-1, giving Q = (2"—1)P, as above. 


EKxvample.— To find the number of weightless pulleys, having 
given that a force of 5 lbs. supports a weight of 75 Ibs., and all the 
strings being attached to the weight. 


Here the pull on the beam supporting the upper pulley 
= 75 lbs.+5 lbs. = 80 lbs. 


Now 80 = 5x (2x 2x2 2), and, since the total pull is doubled by 
each pulley, the number of pulleys must be 4. 


109. If the weights of the pulleys are taken into account, we proceed 
as follows :— 


Examples.—(1) To find the weight which can be lifted by a force of 
10 lbs. in a system of three pulleys, the weights of the lowest and next 
pulleys being 3 and 5 lbs.,* and the strings all being attached to the 
weight. 


“ —- 





ts ee 





* Binee the nape pulley is fixed, its weight dyes not enter into the relation 
between P and W. 
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Here the pulls in the two parts of the lowest string are each 
10 lbs. The next string above has to support these pulls, and also to 
support the weight of the lowest pulluy, viz., 3 lbs., und so on; hence 
the process stands thus: 

Pull of lowest string = 10 ]bs. = 10 Ibs. 
Multiply by ? 


I 








20» 
Add weight of lowest pulley 3 
pull of second lowest string = 28 9 = 23 4 
Multiply hy 2 
46 99 


Add weight of second pulley doo 


pull in last string =z Hl = Hl » 





Required weight = sum of pulls of strings = 84 Ibs. 


(2) To find the force required to support a weight of 112 Ibs. in 
the system of Ex. (1). 
Let P be the force. Proceed, us in Ex. (1), thus: 





Pull of lowest string = I = Jp 
” 
2P 
3 
Pull in second lowest string = 2P+3 = 2P+3 
2 
4P+6 
5 








Pull in last string 4P+11 ~ 4P4+11 
: .. weight supported = 7P+14 
7P414 = 112. 
required force P = 14 lbs. 


I 


110. Uses of the various systems of pulleys.— 
The single-string system, with the pulleys arrauged in 
two blocks, as in Fig. 98, is by far the most important 
system for practical use, because with it weights may be 
raised till the two blocks come together, 1.e., nearly up to 
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the level of the supporting beam or crane, or lowered till 
all the string is paid ont. 

The separate-string system gives a greater mechanical 
advantage with the same number of pulleys, for each addi- 
tional pulley doubles the mechanical advantage instead 
of mercly increasing it by unity. But it requires the 
strings to be attached to a point considerably above the 
highest point to which weights have to be raised, for 
when the top pulley is drawn up as high as it will go 
the weight will still be a considerable distance below the 
support. © By attaching the strings (or rather ropes) high 
up on the mast of a ship, the system may be used, and is 
actually so used, for raising cargo from the hold up to 
the deck. 

The inverted separate-string system, or ‘“‘third system,” 
is of no practical use whatever, for it is found that the 
strings are almost certain to get hopelessly entangled, 
even in the few working models that are constructed for 
the lecture-room. 


(This system seems to have been originally introduced into text-books and 
examination papers on account of its being a convenient subject for problems 
Wustrating the summation of a geometrical progression. 

Generally speaking, calculations taking account of the weights of the 
pulleys are of theoretical rather than practical interest, because the weights 
of the strings and the fmetion (which are not taken into account) are actually 
quite as important as the weights of the pulleys. ] 


111. Man raising himself with a system of 
pulleys.— When a man, sitting in a loop or seat sus- 
pended by any arrangement of pulleys, pulls hemself up, 
the rope which he pulls will support part of bis weight, 
and only the remaining part of his weight will have to be 
supported by the system. 


Examples.—(1) Consider a man of weight 1” raising himself by 
pulling u% rope passing over a fixed pulley with a force P. The 
man’s weight is really supported by the pulls P in two parts of the 
rope—the part where he pulls and the part Suppornng the loop. 
Hence the condition of equilibrium gives JF = 2P; 

. P pene | 5F; 
or the man pulls with a force of half his weight. 





(2) If the man pulls a rope which passes over a fixed pulley and 
under a movable pulley supporting the loop, there are three portions 
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of the string supporting his veight, inclusive of the one that he is 
pulling. Hence the relation between the pulling force P and tho 
weight is W = 3P, or P= 4H"; sothat the man pulls with a force 
of one-third of his weight. 


Generally, suppose that a man is pulling himself up by 
applying a force P to a rope passing round a system of 
pulleys or a wheel and axle, in which P will support a 
weight nP. Then, since the rope he pulls also helps lift 
him up with a force F, the total weight supported must 
be nP+FP or (n+1)P. Hence 


mechanical advantage = 21+1 ......... (6); 


instead of being », as it would be for a man standing on 
the ground and raising a weight. 


112. Applications of the Principle of Work.— We 
shall now apply the Principle of Work to find the relations 
between the effort and weight in the various systems of 
pulleys, and shall, at the same time, take separate account 
of the weights of ‘the pulleys. 

In order to make a distinction between formule which 
do not and those which do take account of the weights of 
the separate pulleys, the weight raised has heen denoted 
by Q in the former, and will be denoted by W in the 
latter, formule. 


113. The single moveable pulley. — Let the pulley 
(weight w) and its attached weight IW be raised through 
a height h [say, for argument, 1] in.}]. Then the portions 
of string on the two sides of the pulley will each 
have to be shortened by 4; hence the end of the string 
at which P is applied must move through a distance 2h 
.[2 ins.]. Since 

sum of works done against W, w = work done by P; 

Wh+wh = Px 2h, 
or Ww SSE Se isichonesaasiei ese aeaes (7), 


the required relation between W and P. This agrees 
with (2) on writing @ = W+uw. 
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114. The single-string system. — Let there be n 
strings from which the lower block of pulleys hangs. If 
the effort P lifts a weight W, hanging from a moveable 
block of weight w, through a height h, each of the n por- 
tions of string will have shortened by an amount h, and 
so P will have to pull the end of the string down through 
a distance nh. By the Principle of Work, therefore, 


Wh+wh = nPh. 
Wet SNP crccicccccccccecsseee (8B), 


the required relation between W and FP, which agrees 
with (3) on writing Q = W+w. 


*115. The separate-string system.—Let w, be the weight of 
the pulley supporting the weight J’; let wz, ws, ... be the weights of 
the pulleys next above. If JJ” is drawn up through a height /, then 
the lowest pulley «, will rise through hf, the next above zw» will rise 
through 2h, the next w, through 4/, and so on; and if there arc 
moveable pulleys the force P will move its point of application through 
a distance 2"/. 

Therefore, by the Principle of Work, 


Px 2h = Whrwht gh + 4h +... 2" ayh, 


or WP = W+ wy + ig t4urgt...42"7 wy 5 
. _ Ww ay at's 26. an 
or again Pie eet. Patt a tte ere (9). 


*116. The inverted separate-string system.—In the system 
of § 115, when the weight rises through a height h, the various pulleys 
rise through distances /, 2h, 4h, ... 2"-!A, and the point of application 
of P through 2°h. Hence their distances from the iveight w increase by 
amounts 0, (2-1), (4-12... (2"-'- I) A, (2"—1) 4, respectively. 

Now turn the system upside down; fix the pulley that previously 
supported the weight, and attach the weight to the beam that was 
previously fixed. We now get the ‘‘ third’ system, and we see that 
when the weight rises through / the pulleys, beginning with the top, 
descend through distances 0, (2—1)%, (4-1) 4... (2"-'—1) A, and 
the point of application of P through (2"—1)A. Henceif w, wy .. 
are the weights of the pulleys, the Principle of Work gives 


Wh =w,t+0h+uyxh+ugx dh+wyx Tht... + Un 
x (27-1 1) ht Px (2"—1) h, 
or W = (2"—1) P+ wy. t+303+ 744+... (29-1~1) ww, ... (10). 
the required relation connecting P and HT’. 
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SuMMARY OF RESULTS. 


In fixed pulley, 
(J = P, mech. advantage M=1... (1). (§ 103.) 


With a single moveable pulley, 
Q=2P, M= 2 (pulley light) ... (2), (§ 104.) 
W+w = 2P (pulley heavy) ... (7). (§ 113.) 


The “second” system is single string system, pulleys in 
two blocks. With nm pulleys and string hanging from 
upper block, 

Q=nP, M=n (pulleys light) ... (3), (§ 105.) 


W+w = nP (pulleys heavy) ... (8). (§ 114.) 


The “first” is the separate string system, with strings 
tied up to fixed support. With n moveable pulleys, 
(= 2"*P, M = 2” (pulleys light) ... (4). (§ 106.) 


W+w,+2w,+...+2""'w, = 2"P (pulleys heavy, lowest w,) 
4. (9). (§ 115.) 


The ‘“third”’ is the previous system turned upside 
down, strings all attached to weight. 
Q = 2°P—P = (2"—1) P, M = 2”"—1 (pulleys light) 
. (5). (§ 108.) 
W = (2"—1) P+u,4+3uw,+...(2"7'—1) w, 
(pulleys heavy, lowest w,) ... (10). (§ 116.) 


For man pulling himself up, mechanical advantage is 
Increased: by UDItY  siaisissvecrcdcasdaraaceeurss (6). (§ 111.) 
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EXAMPLES VIII. 


1. Find the ratio of the power to the weight in that system of 
pulleys in which each moveable pulley hangs by a separate string, 
the number of moveable pulleys being 4. 

If the weights ‘of the pulleys be taken into account, and are 
1, 2, 3, and 4 lbs., respectively, beginning with the highest, find 
what power will support a weight of 294 lbs. 


2. Find the ratio of the power to the weight in that system of 
pulleys in which each string is attached to the weight, the number of 
moveable pulleys being 4. 

If the weights of the moveable pulleys be taken into account, 
and are 1, 2, 3, and 4 Ibs.,irespectively, beginning with the lowest, 
find what power will support a weight of 4} cwt. 


3. If there are 4 pulleys in the third system, and each weighs 
2 lbs., what weight can be raised by a power equal to the weight of 


20 lbs. ¢ 


4 A man weighing 15 stone, holding the bar to which the strings 
are attached in the third system of pulleys, can just raise a child 
weighing 1 stone, holding on to the last string. How many pulleys 


are there’ 
\ 


5. If there be thre ymoveable pulleys, each of mass 1 1b., in a 
system in which all the Btrings are parallel and are attached to the 
weight, and the force required to support a certain weight is half that 
which would be required if the pulleys were weightless, find that 


weight. 


6. Is it more advantageous in raising a weight by (i.) the first — 
system, (ii.) the third system, of pulleys, to have the pulleys heavy or 
light ? 

7. If in a system of pulleys in which each hangs by a separate string 


there be three pulleys, each of mass 11b., and the power required to 
support a certain weight is twice that which-would be required if these 


pulleys were weightless, find that ~reight. 
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8. Being given four weightless pulleys, find the greatest weights 
that can be supported by a force of 1 lb. when the pulleys are arranged 
as in the first, second, and third systems, respectively, in such a way 
that the effort is applied downwards. 


9. If in Ex. 8 the effort of 1 1b. had to be applied upwards, what 
would be the weights lifted in the corresponding arrangements ? 


10. In the first system of pulleys, find from first principles the’ 
power necessary to support a weight of 4000 lbs. when there are four 
moveable pulleys. Find also the pull of each rope onthe beam ; and, 
if the sum is not equal to the weight, explain the difference. 


11. Ifa man whose weight is 10 stone suppurts 2 cwt. by a block- 
and-tackle, there being 3 pulleys in the block, what is the pressure 
on the fluor on which the man stands, and what the pressure on tho 
beam to which the upper pulley-block is attached ? 


12. In the system of pulleys in which cach pulley hangs by a 
separate string, how would you find experimentally the relation 
between the tension of any string and that of the string next above it ? 


13. Two bodies connected by means ofa string passing over a smooth 
pulley touch each other at one point; show that the stress between 
them cannot be horizontal unless their weights are equal. 


14. A man weighing 10 stone supports a weight of 91 lbs. by 
means of 3 moveable pulleys arranged in the first system and weigh- 
ing, respectively, 2 Ibs., 4.1bs., 5 lbs. What is the thrust of the man 
on the ground ? 


15. Apply the Principle of Energy to prove that in a system con- 
sisting of three very light pulleys, of which the first is fixed and each 
of the others is supported by the string of the preceding one, the strings 
being all parallel and all attached to the weight JV, the downward 
acceleration of this weight, when the power / is not sufficient to 
balance it, is 

W-—tP 
W+ioP”’ 


CHAPTER IX. 


COUPLES.—MACHINES: THE SCREW. 


117. A couple consists of two forces of equal magni- 
tude acting in opposite directions along two parallel straight 
lines (§ 76). A couple cannot keep a body in equilibrium, 
for it tends to rotate the body: the points of application 
of the two forces of the couple tending to move in opposite 
directions (§ 51). At the same time, the proof that two 
parallel forces have a single resultant fails for the case of 
a couple (§ 75). 

Examples of couples.—In winding a clock we apply a couple to the 
key, for we do not try to make it move to one ae or the other, but 
simply turn it round. To spin a small top between the finger and 
thumb, we apply a couple to it by moving the finger and thumb 
sharply in opposite directions. To open a door we apply a couple to 
the handle. 


118. Resultant of two parallel forces which nearly form 
a couple.—Consider the resultant of two unlike parallel forces which 
are very nearly, but not quite, equal. Let 2’, @ be two such forces 
acting at A, B, and let P>@. If X& be the resultant of P and Q, 
k= P~Q; 
therefore, if Q is nearly equal to P, & is very small. 
Also, if C be the point where 


the resultant meets AB pro- P 
duced, 
ACx R = BA P. R . 
; e R CG A 
“. BA = ACx > — al 
_ P—Q ig. : 
= ACx > 


Since P—Q is small, therefore BA is small in comparison with AC ; 
hence AC is large in comparison with BA. Hence the resultant acts at 
a great distance from the line of action of cither force. Writing the 


last equation, AC = BAx Poa’ 
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we see that, if Q = P, the denominator becomes zero, and AC becomes 
infinitely great. 


Hence when two unlike parallel forces approach equality, and finally 
become equal, their resultant becomes infinitely small, and tts line of action 
moves to an infinitely great distance from the components. 

For this reason it is convenient to consider the properties of 
couples apart from those of other systems of forces. 


119. Derinitions.—The arm of a couple is the perpen- 
dicular distance (AB. Fig. 103) between the lines of action 
of its two components (i.e., the two forces forming the 
couple). 

The moment of a couple is the algebraic sum of the 


moments of its two components about any point in their 
lane. 


The following is the fundamental property of couples :— 


120. The moment of a couple is the same about 
all points in its plane. 
Let the couple consist of two equal and opposite forces 


P, —P at B and A. Let O be any point in their plane. 
Draw OAB perpendicular to the forces. 


P P 


P 
Fig. 103. Fig. 104. 


Then, if 0 does not lie between A and B, as in Fig. 104, 
we have 


algebraic sum of moments of forces = P.OB—P OA 
= P(OB—OA) = P.AB. 
If 0 lies between A and B, as in Fig. 105, we have 
algebraic sum of moments = P.OB+P.AO 
= P(A0+08)=P.AB. 


Hence the moment of the couple about O is ge of 
the posttion uf O and is equal to the product P..AB. 
STAT. K 
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121. Cor. Alternative expressions for the moment 
of a couple. 


The moment of a couple may therefore be defined as— 


(i.) The product of the measure of either force into the 
arm of the couple. 


(ii.) The moment of either of the two forces about any 
point in the line of action of the other force. For 


moment = P x AB = moment about A of P acting at B. 


122. A couple cannot be replaced by a single finite re- 
sultant force. 


For the algebraic sum of the moments of two forces about any 
point on the line of action of their resultant is zero (§ 67). But the 
sum of the moments of two forces forming a couple about every 
point in their plane is a constant quantity, not zero. 

Hence such forces cannot have a resultant. The same thing also 
follows from § 118. 


*123. A force, acting at any part of a body, is 
equivalent to an equal and parallel force acting at 
any other point together with a couple. 


Let P be a given force acting at any 
point 0; to show that it is equiva- P P 
lent to an equal and parallel force P, 
acting at any other point A, together 
with a couple. 7 

Introduce two equal and opposite 
forces P, —P, acting at A, numeri- 
cally equal and parallel to the force P 
P at O. 

The effect of these forces will be to Fig. 105. 
neutralize one another. 

But the forces P at 0 and —P at A form a couple 
whose moment (about A) is equal to the moment of the 
original force P about A. 

Thus the original force P at 0 is equivalent to this 
couple and a parallel and equal force P at A, 
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124. Two couples in the same plane whose mo- 
ments are equal and opposite will balance one 
another. 

Let one of the couples consist of two forces P, —P 
acting on the arm AB, and let the other couple consist of 
forces (), —Q acting on the arm CD. 

Suppose, firstly, that P and Q are not parallel. Then 
the lines of action of the four forces must form a parallelo- 
gram abed. 





Fig. 106. 


Since the moments of the couples are equal and oppo- 
site, and 6 lies on one of the forces of either cvuuple, 
therefore the moments about 6 of P and Q acting along 
ad and ed are equal and opposite. 


Therefore the resultant of P and Q at d passes through 
6, and therefore it acts along bd. 


Similarly the resultant of —P, —Q at 6 acts along db. 


But the latter resultant is equal and opposite to the 
former, for the two components of the latter are respect- 
ively equal and opposite to those of the former. 


Hence these two resultants balance each other, and 
therefore the four forces forming the two couples are in 
equilibrium. 


To extend the proof to the case where the forces composing the two 
couples are parallel, it is only necessary to introduce two equal and 
opposite forces in a straight line, intersecting the forces P, —/ of one 
of the couples, and to compound one of these forces with P and the 
other with —P. We thus get a couple equivalent to the original one 
and of equal moment, but its component forces intersect those of the 
second couple ; hence the above proof applies. 
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*125. A couple acting on a rigid body may be 
replaced by any other couple of equal moment 
acting on the body in the same plane without 
altering its effect. 


Let M be the moment of the given couple. Apply two 
couples of equal and opposite moments M, —M to the 
body anywhere in the plane of the first couple. These 
balance each other, and do not therefore affect the body. 
Now combine the first and third couples. These also 
balance each other, since their moments (M, —M) are 
equal and opposite ; therefore they may be removed. We 
are thus left with the second couple of moment M as the 
equivalent of the first. 

Cor. From this result we see that a couple has no particular 
position of application, but that it may be shifted anywhere in its 


plane without altering its statical effect. The effect of the couple 
depends therefore only on its moment and the plane in which it acts. 


OnsERVATION.—The above proof is identical in its reasoning with 
the proof of the Principle of the Transmission of Force. The present 
theorem may therefore be called the Principle of the Transmission (or 
Transmissibility) of Couples. 


*126. To compound two coplanar couples into a 
single resultant couple. — Let the couples consist of 
the forces (P, —P) and (Q, —Q) (Fig. 106), and let their 
lines of action be produced, if necessary, so as to form a 
parallelogram abed. 

Let FB be the resultant of P and Q acting at d. 

Then the resultant of —P, —Q acting at 0 is evidently 
an equal and opposite force —f, parallel to @. 

The forces R at d and —F at 6 form a couple which is 
the required resultant of the two couples (P, —P) and 

Q, —Q). 
Since Ff is the resultant of P, Q acting at d, 


.. moment of R about 0 
= algebraic sum of moments of P, Q about 0. 
But 6 is a point on the line of action of the forces —P, 
—Q, —Rf. 
Therefore the moments about 6 are the moments of the 
respective couples, and 
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.. moment of resuliant couple 
= algebraic sum of moments of its component couples. 


Cor. Any number of coplanar couples are equivalent to a single couple 
whose moment is the algebraic sum of their moments. [For compound 
the couples together two at a time, &c.] 


127. Any number of ooplanar forces are equivalent 
either to a single force or a couple, or are in equilibrium. 


Any two forces not forming a couple can be compounded together ; 
and three or more forces cannot each form couples with all the others, 
for they cannot all be unlike. Therefore two of them must be 
capable of being replaced by a singlo force, and this process can be 
repeated until there are only two forcos left. These either have a 
single resultant or form a couple or balance. 


128. The screw.—L very one is familiar with a screw. 
It consists essentially of a cylindrical bolt OM, whose 
surface carrics a thread or has a groore cut in it along a 
spiral curve. The form of this spiral can easily be con- 
structed by taking a strip of paper with a straight edge, 
and wrapping it round a pencil in a slanting direction ; 
the edge forms the curve like that along which the thread 
or groove runs. 

The screw works in a collar or nut C, through which a 
hole is bored, having a groove to fit the thread or a thread 
to fit the groove of the screw. 

When the screw turns in a 
fixed collar, it moves forward 
in the direction of its Jength. In 
each turn of the screw, the dis- 
tance moved forward is equal to 
the distance between consecutive 
threads: 7.e., the distance DE be- 
tween two consecutive turns of 
the thread, measured along the 
length of the bolt. This distance 
is called the step. Hence, by turn- 
ing the screw round, it may be 
used to raise weights or overcome 
resistances applied to its end. 
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The effort must tend to 
turn the screw, aud must 
therefore have a moment 
about OM in a plane perpen- 
dicular to OM. Heuce the 
effort may be a single force 
P applied at the end of a 
long arm OA, projecting at 
right angles toOM. More 
often the arm projects in 
both directions, as in the 
common screw press of Fig. 
108, aud two equal and Fig. 108. 
opposite forces constituting 
a couple are then applied perpendicularly to its two 
extremities A, B. 





129. To find the mechanical advantage of a screw 
working without friction. 


Let the effort P be applied 
perpendicularly at the end of 
an arm OA of length a, and 
let it overcome a resistance 
Q acting along the axis OM. 
Let b be the “step” or dis- 
tance between two consecu- 
tive threads. Then, if the 
screw makes one complete 
turn, A the point of applica- 
tion of P will describe a circle 
of radius a about QO, and will 
therefore move through a 
distance 27a in the direction Fig. 109. 
of P.* Also the screw will 
move through a distance b against the resistance Q. 

















ea 








* As the screw moves forward along its axis OM, A really describes a spiral and 
not a circle ; but, since F acts perpendicular to OM, the forward motion contributes 
nothing to the work done by P, which is therefore P x 27a. 
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Therefore, since 


work done by ? = work done against Q, 
we have Px2@ra= Qxb. 


mechanical advantage = are Sauce iesecnen, Aw) 


_. circumference of circle described by the arm 
step of screw 


Cor. 1. Since the moment of P is P xa, we have 
b 
On’ 
If the quantity b/27 be called the pitch of the screw * 
then moment of effort = (resistance) x (pitch) ... (2). 


moment of P = Q~x 


Cor. 2. By the Principle of Moments the effort P may be replaced 
by any other force or couple whose moment tending to turn the screw 
is the same. If two forces F act in opposite directions at the ends of 
an arm AB of length 2a fixed at its middle point to the scrow, the 
moment of the couple thus formed = 2/%, and therefore 

2Fa = Q x b/2n, 
a relation easily verified by the Principle of Work. This shows that 
the effect is the same as if the two forces F were Foth applied at one 
end of the urm, forming a single force 2F. 


Example.—A screw press is turned by applying forces of 21 lbs. in 
opposite directions to the ends of an arm 2 ft. long. If the step is 


x in., to find in Ibs. per sq. in. the pressure produced over the area of 
a circular piston 1 ft. in diameter. 


Let Q be the total resistance. Then in one revelution of the screw 

the works done by the efforts and against Q are 
2x 21x 27.1 ft.-lbs. and Qxix 4k ft-lbs. 
gsQ = 84x, or Q = 96x 84n. 
Also area of piston = w(radius)* = w.6? = 367 sy ing. 
required pressure = AE es OEE 224 Ibs. per sq in. 
3697 36 

2 cwt. per sq. in. 


il 





emo — ae —— ee ee res aati 


. This is the definition of ‘ nite used by Nir Reber: Ball in diss“ Tien of 
Sere ws,” and now venerally adopted, although in a number of books before us we 
find no less than three different definitions of pttch, 
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Oouple = two equal unlike parallel forces. (§ 117.) 


Moment of couple 


= algebraic sum of moments of its forces about any point 
in its plane (§ 119.) 


= moment of one force abont point on the other (§ 121.) 
P .AB (where P = either force, AB =arm). (§ 120.) 


Principle of transmission of couples.—A couple may be 
replaced by any other couple of equal moment. (§ 125.) 


Resultant of two or more couples is couple whose 
moment = sum of moments of components. (§ 126.) 


For a smooth screw, mechanical advantage 


Mor®@= 2ra __ circumference of circle described by P 
P b distance between two threads 


oe (1). (§ 129.) 
nee of P j= = ele = pitch of screw ...... (2). 


EXAMPLES IX. 


1. When a force and a couple act in the same planc on a rigid 
body, find their resultant. 


2. Draw a square ABCD and its diagonal AC. Two forces of 
10 units act from A to B and from C to D respectively, forming a 
couple; a third force of 15 units acts from C to A. Find their 
resultant, and show in a diagram exactly how it acts. 


3. Prove that a couple can be moved parallel to itself without 
altering its effect. 


4. State (without proof) the conditions that must be satisfied in 
order that two couples may balance. Give a practical illustration of 
two balancing couples in different planes. 
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5. Forces P, Q, R act along the sides of a triangle ABC from B to C, 
C to A, and A to B, and are proportional to the lengths of the sides 
along which they act. («) Show that they form a couple, and find its 
moment; (d) find their resultant whon the direction of one of them 
(P) is reversed. 


6. Forces P and Q act at A, and are completely represented by AB 
and AC, sides ofa triangle ABC. Find a third force R, such that the 
threo forces together may be equivalent to a couple whose moment !s 
represented by half the area of the triangle. 


7. The distance betwecn two consecutive threads of a screw i8 
4 in., and the length of the power arm is 5 ft. What weight will be 
sustained by a power of 1 lb.? 


8. If a power of 10 Ibs. acting on an arm 2 ft. long produces in the 
screw press a thrust of one ton weight, what is the ‘‘step’’ of the 
screw 7 


9. The arm of a screw-jack is 2 ft. long, and the screw riscs 2 ins. 
when it is turned round nine times. What force must be applicd to 
produce a thrust of half a ton weight 


10. Express the work done when a moment J has rotated » times. 
If a force equal to the weight of 10 lbs. revolve three times tangenti- 
ally round a circle of 5 ft. radius, find the work it would do. 


11. Show that any number of couples applied to a rigid body in 
one plane are cquivalent to a single couple whose moment is tho 
ulgebraic sum of the moments of the individual couples. 


12. Forces act along the sidos of a polygon, and are represented 
completely by those sides taken in order. Show that they are 
equivalent to a couple whose moment is measured by twice the areca 
of the polygon. 


13. In a weightless straight lever of the first order, show that in 
the case of equilibrium the power, the weight, and the reaction of the 
fulcrum form two unlike couples of equal moments. 


14. A screw is formed upon a cylinder whose length is 1 ft. and 
circumference 3 ins. How many turns must be given to the thread 
in order that a power of 4 lbs. weight, applied tangentially at the 
edge of the cylinder, may support a weight of 2 cwt. f 
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EXAMINATION PAPER IV. 


1. State the principle of Work, and apply it to find the relation 
betweon the effort and weight in the single-string system of pulleys, 
the strings being parallel and the number of pulleys x. 

e 


2. What is mcant by a couple in Mechanics?’ Find the condition 
that two couples which act on a rigid body should equilibriate each 
other. 


3. Prove that the mechanical advantage of » pulleys arranged in the 
separatc-strirg system is 2”, and arranged in the ‘‘third’’ system is 
2”. 1; and draw the figure with five pulleys. 


4. In the first system of pulleys, what weight will a power of 
80 lbs. support if there are three moveable pulloys whose weights are 
2, 3, and 4 lbs., respectively, the lightest being highest ? 


5. Find the relation of the power to the weight in the screw, 
neglecting friction. 


6. In a scrcw-press a powcr cqual to 16 lbs. weight, acting on an arm 
3 ft. long, produces a pressure of half-a-ton. What is (i.) the 
**step,’’ (11.) the pitch, of the serew ¢ 


7. Explain why a rod which will support a considerable tension 
can be broken comparatively easily by being bent. 


8. What is the resultant of a force of 4 Ibs. weight and a couple 
with an arm 2 ft. long and forces 3 lbs. weight? State its position 
clearly with reference to the 4 lbs. force. 


9. In the second system of pullcys, if « weight of 3 lbs. supports a 
weight of 16 Ibs., and a weight of 5 lbs. supports a weight of 27 lbs., 
what is the weight of the lower block, and what would the mechanical 
advantage be if the lower block was weightless 


10. In the second system of pulleys, what must be the relation 
between the radii of the pulleys at the lower block in order that they 
may all be grooved in the sume piece fF 


PART IIIf. 


CENTRES OF GRAVITY. 


CHAPTER X. 


CENTRES OF PARALLEL FORCES. 


130. Method of finding the resultant of coplanar 
parallel forces. 

When a number of parallel forces act on a rigid hody, 
it would of course be possible to find their resultant by 
compounding two of them into a single resultant, then 
compounding this resultant with a third, and soon. But 
if the forces all act in the same plane, the same thing can 
be done more easily by writing down the equations which 
express the facts that-—— 


Ci.) The magnitude of the resultant equals the algebraic 
sun of tts components (see § 131, below) ; 


(ii.) The moment of the resultant about any point equals 
the algebraic sum of the moments of tts componets. 


The point about which moments are taken may be 
chosen anywhere in the plane of the forces, but some 
points (very often one point) are generally more con- 
venient than others. But it is important to notice that 
the final result is the same whatever point is chosen. 

As it is advisable to assume principles rather than 
formulz in all calculations, we subjoin the following 
example before giving a general investigation :— 
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Example.—Weights of 4 lbs. and 12 Ibs. are attached to the ends 
of a uniform rod, 14 ft. long, weighing 12 lbs. To find the point at 
which it must be supported in order to balance. 


The three forces on the rod are 4 Ibs. and 12 lbs. acting at its ends, 
and its weight 12 lbs. acting at its middle point, 7 ft. from either end. 


| | 
4 Ww 12 
Fig. 110. 


The magnitude of their resultant = 12+12+4 Ibs. = 28 lbs. 

The required point 0 is the point at which this resultant cuts the 
rod, and may be found in either of the following ways :— 

(a) By taking moments about the end at which the 4 lbs. acts. 
Let the distanco of 0 from this end be «ft. Then the equation of 
moments gives 28.¢ = 4.04+12.7412.14 = 2852. 

a= 9 ft., 
or the support is 9 ft. from the weight of 4 lbs., and 5 ft. from the 
other end. 

(0) By taking moments about the other end. Let the distance of 
from that end be y. Then 

28 .y =12.0412.744.14 = 140. 
Y= 5 ft., 
or the support is 5 ft. from the 12 lbs. weight, agreeing with (a). 

(c) By taking moments about the middle point. Let the distance 

of 0 from the middle point bez. Then 
28.2 = 12.74+12.0—4.7 = 56. 
s = 2 ft. 

Hence the distances of O from the ends are 7+2 ft. and 7—2 ft. ; 

i.e, 9 and 6 ft., agreeing with (a) and (). 


(2) By taking moments about O itself. Let its distance from the 
middle point be z as before. Since the resultant passes through QO, it 
has no moment about 0. Therefore 

O = 12.(7—z)—12.2—4. (7 +2) 

a 84—122—122—28—42 = 56-282; 
giving z= 2ft., 
agreeing with (c). This last mothod does not require us to first find 


the magnitude of the resultant, but no material advantage is thereby 
gained. 
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131. To find the resultant of any number of given 
parallel forces P,, P,, P;, ... acting in one plane. 


Let P,, P,, Ps, ... denote the given forces both in magni- 
tnde and algebraic sign. Draw any line 0A4,A,A,...X at 
right angles to the forces. On it take any point O, the 
distances 0A,, OA, being known. 


(i.) To find the magnitude of P PR P, 
the resultant. 5 G 4 

The resultant of P,, P, is a "ele ee 
parallel force of magnitude Fig. 111. 


P,+P,; the resultant of this 
force and P, is therefore P,+P,+P;; and so on. Hence 
the final resultant is a parallel force WR, such that 


Rez PrP Pat Pet on. cccccccceccecsesee (1) 
= algebraic sum of the forces. 


(ii.) To find the position of the resultant QR. 


Let it cut OX in a point G, the position of which is 
unknown. Since the moment of the resultant is equal to 
the algebraic sum of the moments of the components, 


R.OG = P,.0A,+P,.0A,+P,.0A;+.... 
Hence 0G = POR + Py OAt By Olt os 


? 
P,.0A,+P,.0A,+P,.0A,+... 
OG = 2 ee Le), 
a P,+ P,+P,+... (2) 
Equations (1), (2) determine, respectively, the magni- 
tude and position of the resultant. 


If %,, 2, %3, ... denote the known distances of the component forces 
from 0, and z the required distance of their resultant; equation (2) 
becomes ge ce Pt Pome Pest (2a). 

Pi APLAP3+... 
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132. Equilibrium of a loaded beam resting on two sup- 
ports.— When a beam is loaded with given weights placed at given 
points, and rests in a horizontal position on two props, it is often 
necessary to determine the thrusts supported by the props, or, what 
amounts to the same thing, the reactions of the props on the rod, 
which are equal and opposite to these thrusts. 

These reactions, together with the weights on the beam, form a 
system in equilibrium, and therefore the sum of the moments of this 
system about any point is zero. 


But we want to find the reactions one at a time, and therefore 
proceed as follows :— 


(i.) Duke moments about one of the props. The reaction of that prop 
has no moment, and therefore the equation of moments at once gives the 
reaction of the other prop. 


We might now find the reaction of the first prop by taking moments 
above the second, but an easier plan is to 


(i1.) Eguate to zero the algebraic sum of the forces (including the two 
reactions). The equation gives the sum of the reactions, and hence the 
other required reaction, 


Example.—A uniform rod, 12 ft. long, weighing 20 1bs., has weights 
of 12 lbs. and 4 lbs. attached to its ends, and 8 Ibs. attached at a 
distance of 4 ft. from the 4-lb. weight. It is placed on two props, 
8 ft. apart, so that the end with the 4-lb. weight projects 1 ft. To 
find the reactions of the props. 

In Fig. 112, let M, NW be the props, and let their reactions be R lbs. 
and S Ibs., respectively. 


Let G be the middle point of the rod at which its weight 
(20 lbs.) acts. 





&lbs 
Llbs S gulbs R 


Fig. 112. 





(i.) Taking moments about M, we have 
kaha ccs hl = 0, 
or 88 = 12.114+20.54+8.8-4.1 © 
= 182+100+24—4 = 252; 
whence S = 314 lbs. 
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(ii.) Again, since the sum of the upward forces is equal and oppo- 
site to the sum of the downward ones (or the algebraic sum of the 
forces is zero), 


R+S~—12—20—8—4 =0, 
or R+S = 124204844 = 44; 
whence R = 44—314 lbs. = 123 lbs. 
Hence the thrusts on the props are 12} lbs. and 31} Ibs. 


(iii.) If we had taken moments about NW, we should have had 
R.NM—4.NA—8.NC—20.NG+12.BN = 0, 
Sk = 4.94+8.904+4.20—12.3 
36 +40+60—36 = 100; 
whence R = 12 lbs, 


agreeing with the value just found and affording a test of the accuracy 
of the calculation. 


OxBSERVATIONS.—The student will find it advisable, at first at any 
rate, to go through ali the three processes [(i.), (ii.), (iii.)] illustrated 
above; in this way there will be a check on the accuracy of 
the work. 

If, in any example, the thrust on one of the props should come out 
negative, it is to be inferred that the rod presses upwards on its sup- 
port, and that the latter has to hold it down. 

(The general formula is obtained as follows :— 


Let a beam, whose weight is JV, acting at its centre of gravity G, be abe tear 
at M, N, and let any weights wy, w2, ws be attached at points A,, Az, As. Then, if 
R, S denote the unknown reactions at M, N, the equation of moments about WV 


gives R.NM = wW,. NA, +2. NAg+ i's. NA34+- IV. NG ; 
and the equation of inoments about M gives 
S.MN = 11. MA,4- wz. MAgt its. MAs-- IV. M@. 
By addition, (2+S) MN = 2,.MN+1rg. MN+i03. MN+I1V. MN, 
or LS = wy faret gt WW. 


This is the equation which we should obtain by resolving perpendicular to the 
rod, or equating the algebraic sum of the forces to zero, showy that the values 
of R, S found by resolving and taking muments about the supports are consistent.) 


133. Conditions of equilibrium of a heavy lever.— 
When the weight of a lever itself has to be taken 
into account, the condition of equilibrinm may be found 
as in other cases by taking mo- 
ments about the fulcrum. 

Let a lever, whose weight w 
acts at G@ and whose fulcrum is @, 
be used to overcome a resistance 
or raise a weight W applied at B 
by means of an effort applied 
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at A. Then, if’P denote this effort (considered positive 
when acting upwards), the equation of moments about C 


gives P.CA = W. CB+w.CG rere (3) 


and, if the lengths CA, CB, CG are considered positive or 
negative according to the direction in which they are 
drawn from @C, this formula will be applicable to levers of 
any Class. 

The upward reaction (It) at the fulcrum will be given 


algebraically by R+P= W+uw. 


OpservaTion.—These formule hold good whether the 
lever be horizontal or inclined to the horizon, provided that 
the forces on the Jever are parallel, and that their points 
of application lie in a straight line through the fulcrum. 
This will be proved in § 138. 


Example.—A beam, whose weight is }V, acting at its middle point, 
can be tilted up with one end remaining on the ground by a force 4/V 
applied at the other end. Ifa prop be placcd under the end that has 
been raised, the end on the ground can now be raised by a force 4W; 
thus the whole beam can be raised with the same mechanical advan- 
tage that is obtainable with a single moveable pulley. 

The work done is (as it should be) the same as if the beam were 
lifted bodily up; for each end in turn is raised through the whole 
height rison, so that the distance moved by the effort is twice this 
height. 


134. To find the resultant of any number of 
parallel forces of given magnitudes applied at given 
points of a rigid body, not necessarily in the same 
plane. 

Let the given parallel forces be P acting at A, Q at B, 
R at C, S at D, and so on. 

Join AB, and in AB take a point F such that 

PxAE=QxEB. 

Then, by § 77, the forces P and Q are equivalent to a 
single resultant force P+ Q acting at £, parallel to both 
of them. 
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Now compound this resultant with the force R at C. 
Join EC, and on it take a point F, such that 
(P+Q)xEF= RxFC; 


then the forces P+ Q at G and FR at @ are equivalent to a 


single resultant force P+(Q+R acting at F parallel to 
them. 





Fig. 114. 


This resultant is therefore the resultant of the three 
forces P, Q, Ft at A, B, C, respectively. 
Now join FD, and in it take a point G, such that 


then the forces P+Q+H at F and S at D are equivalent 
to a single resultant P+Q+R+S acting at G parallel to 
them. 

This resultant is therefore the resultant of the four 
forces P, Q, R, S, at A, B, C, D, respectively. 

Proceeding in this way, we may find the resultant of 
any number of parallel forces acting at different points of 
a body. 

We might have compounded the four forces P, Q, 2, S,in any other 
order whatever. Thus, if we had first found the resultant of # and 
S, then compounded this with Q, and compounded the resultant so 
obtained with P, we should have a different construction for* the 


resultant of the four forces. 
STAT. L 
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135. The Centre of Parallel Forces.—DErFinition.— 
The above constructions show that— 


The resultant of any number of parallel forces passes 
through a certain point whose position depends only on the 
magnitudes and the points of application of the forces. 

This point is called the centre of the parallel forces. 


Thus, in § 184, E is the centre of Pand Q, F is the centre of P, Q, R, 
and @ is the centre of P, Q, R, 8S. 


If the forces P, Q, BR, S, instead of acting as in Fig. 
114, are applied at the same points A, B, C, D, but in a 





Fig. 116. 


different direction, as in Fig. 115, their resultant will still 
pass through the same point G as before. 


Ornsrrvation.—The student should carefully notice the difference 
between the resultant and the centre of a system of parallel forces. If 
the forces P, Q, 2, S act at A, B, C, D in a gwen direction, their result- 
ant acts in a straight line GL, parallel to this direction and passing 
through the centre G. The resultant may be supposed to act at G, but it 
need not necessarily be applied at G; for, by the Principle of Trans- 
mission of Force, it may be applied at any point (say L) in its line of 
action (Fig. 114). But let 7, Q, R, S, still acting at A, B, C, D, be 
turned round into a different direction. Their resultant will still 
pass through G, the centre of the forces, but it will no longer pass 
through L (Fig. 115). 

Hence the resultant may always be supposed to act at G, no matter 
what the direction of the forces may be; but it can only be supposed 
to act at any other point L if its line of action passes through L, and 
this requires the forces to be parallel to GL. 
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136. A system of parallel forces cannot have 
more than one centre.—This may be shown by reductio 
ad absurdum thus: — Suppose the forces P, Q, R, S at 
A, B, C, D to have two centres G, H. Take the forces in 
any direction not parallel to GH. Then a system of such 
forces which may have G for their centre will be balanced 
WP a system of equal and opposite forces which may have 

for their centre; hence the two resultants acting at 
G, H, and forming a couple (for they do not act in the 
line GH) will keep the body in equilibrium, which is 
impossible 


137. Centre of parallel forces acting at points in a 
straight line.—Ifa number of parallel forces P,, P,, P3; are applied 
at points A,, A., A; lying along a straight rod or beam, the construc- 
tion for the centre of parallel forces (§ 134) shows that their centre 
also lies in tho straight line through A,, As, A3. If 2, z, #3 are the 
distances of A,, Ag, A; from a fixed point 0 on the rod, tho distance of 
the centre from 0 is therefore givon by the formula of § 131, 

— Pity + Pott Pts... 
Pit DPyt Byte 7 

This follows at once, by taking moments, if we suppose the forces 
applied perpendicular to the rod. If they act in any other direction 
the products 2,2), P,%, 373, ... will not be the moments of the forces 
about 0; but, since the centre of the parallel forces is unaltered in 
position, the formula shows that it may be found dy treating the 
products P,2,, Pq, Pst, ... as if they were moments. In other words, 
we muy replace the arms on which the parallel forces act about 0 by their 
distances from O measured along any straight line cutting the forces. 


x 


138. Theorem.—J/ any number of weights balance when attached to 
@ straight lever placed horizontally, they will continue to balance when 
the lever is turned round about its fulcrum into any direction whatever. 

For the weights are parallel forces acting at points in a straight 
line through the fulcrum, and their resultant is balanced by the 
reaction of the fulcrum. Hence the centre of the parallel forces is at 
the fulcrum. If the forces pn the lever were altered in direction 
(still remaining parallel), their resultant would, therefore, still be 
balanced by the reaction of the fulcrum, and the effect is evidently 
the same if the lever itself be turned round instead and the weights 
continue to act vertically. 
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If a number of parallel forces P,;, P,, Ps, &c., cut a 
straight line at distances 2, 7, 2, &c., from any point 0, 
_their resultant is given by the equation 


MS Pie Pe yes. steescseeiads (CD), 

and its distance z from 0 by 
_ Pt) + Pott Pots t ... iG waa eee (2) 
P,+P.+Ps.+... : ‘ 
provided the proper sign is given- to each force and 
distance. (§ 131.) 


The centre of parallel forces P, Q, R, 8 at A, B, C, D, &c., 
is found by dividing 
AB at E, where PxAE=QxEB; 
EC at F, where (P+Q)FF=RxFC; 
FD at. G, where (P+Q+R) FG = SxQD; 
and so on. (§§ 134, 185.) 


EXAMPLES X. 


1. Two men carry a load of # cwt. suspended from a horizontal 
pole 14 ft. long, whose weight is 10 lbs., and whose ends rest on 
their shoulders. Find the point at which the load must be suspended 
in order that one of the men may bear 71 lbs. of the whole weight. 


2. Three like parallel forces of 5 lbs., 7 lbs., and 9 Ibs. act in lines 
whose distances apart are 3 ft. and 4 ft. Find the resultant. 


3. A uniform beam, 14 ft. long and weighing 120 lbs., is attached 
to two props, one of which is 3 ft. and the other 5 ft. from its centre. 
Calculate the forces on the props when a weight of 100 lbs. is placed 
first at one end and then at the other end of tho beam. 


4. A uniform bar, 3 ft. long and weighing 6 lbs., rests on a 
horizontal table with one end projecting 4 ins. over the edge. Find 
the greatest weight that can be hung on the end without: making the 
bar topple over. 


CENTRES OF PARALLEL FORCES. 149 


6. If a beam 6 ft. long, and weighing 15 lbs., is acted upon by a 
downward force of 3 lbs. at one ond and an upward force of 7 lbs. at 
the other end, what is required tou keep it in equilibrium in a hori- 
zontal position P 


6. A bar of uniform thickness and density, 12 ft. long and 1 cwt., 
is supported at its extremities in a horizontal position. Ifa body of 
2 cwt. be suspended from a point 2 ft. distant from one end, and a 
body of 4 cwt. at 4 ft. from the other end. required the pressures ¢2 
the points of support. 


7. A uniform beam, 12 ft. long and weighing 72 lbs., is supported 
on two props, 1 ft. and -2 {t., respectively, from tho ends. Where 
must a weight of 24 lbs. be hung to make the pressure on each prop 
equal to 48 lbs. ? 


8. A rod without weight rests horizontally on two points, A and B, 
10 ft. apart. Betwoen A and B take points C, 0, D, such that 
AC = 2ft., AO =4ft., AD=7ft. A weight of 100 lbs. is hung at 
C, and one of 90 lbs. at D. Find the algebraical sum of the moments 
with respect to O of the forces on one side of 0. 


9. A uniform beam, 12 ft. long and weighing 56 lbs., rests on, and 
is fastened to, two props 5 ft. apart, ono of which is 3 ft. from one end 
of the beam. A load of 35 lbs. is placed (a) on the middle of the 
beam, (2) at the end nearest a prop, (¢) at the ond furthest from a 
prop. Calculate the weight each prop has to bear in each case. 


10. Equal parallel forces act at the angular points of an equilateral 
trianglo. Find their centre (i.) when the forces are like, (ii.) when 
one of them is unlike the other two. 


11. P, Q, FR are parallel forces acting in the same direction at the 
angular points of an equilateral triangle ABC. If J’? = 2Q = 3h, find 
the position of their contre. 


12. In the preceding question, find the position of the centre of the 
forces if the direction of Q is reversed. 


13. A rod is supported horizontally on two points A and B, 12 ft. 
apart, Between A and B points C and D are taken. such that 
AC = BD = 3 ft. A weight of 120 lbs. is hung at C, and « weight of 
240 lbs. at D; the weight of the rod is noglected. Take a point 0 
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midway between A and B, and find with respect to O the algebraical 
sum of the moments of the forces acting on the rod on one side of 0. 


14. Parallel forces of 3, 5, 7, and 11 lbs. act at points in a straight 
line at distances of 4 ins. from each other. What is the distance of 
their centre from the 5 lb. force ? 


15. A uniform straight lever of weight 10 lbs. and length 6 ft. 
balances about a certain point when weights of 3 lbs. and 6 lbs. are 
attached to its extremities. How far must the point of support be 
moved so that the lever may balance when each of the weights is 
increased by 1 lb. ? 


16. Four equal forces act at the corners of a square in the same 
direction along parallel lines. What change will be produced in the 
position of their centre if the direction of one of them is reversed ? 


17. If a series of parallel forces can be reduced to a couple, what is 
the position of their centre ? 


18. ABCD is a square, and AC a diagonal. Forces P, Q, R act 
along parallel lines at B, C, D, respectively ; Q acts in the direction 
Ato C, Pand & act in the opposite direction. Find, and show ina 
diagram, the position of the centre when Q = 5P and # = 7P. 


19. ABCD is a square table whose side is 3 ft. long. The sides 
AB, BC, &c., are bisected at E, F, G, H, respectively, and O is the 
centre of the table. At A, B, C, D, O act upward parallel forces of 
1 lb., 2 lbs., 3 Ibs., 4 lbs., and 5 lbs., respectively, and at £, F, G, H 
act downward parallel forces of 2 lbs., 1 1b., 2 Ibs., 1 Ib., respectively. 
What is the position of the centre of the nine forces ? 


20. In the third system of pulleys, a weight of 45 Ibs. is supported 
by a force of 3 lbs. weight. The strings are attached to a 6-ft. bar 
from which the weight is suspended, and at distances of 1 ft. from 
each other. ‘T'o what point of the bar should the weight be attached ? 
The bar and pulleys may be considered weightless. 


CHAPTER XI. 


DEFINITIONS AND PROPERTIES OF THE 
CENTRE OF GRAVITY. 


189. Every body has a centre of gravity. — We 
have frequently made use of the property that the 
weight of a heavy straight uniform rod or beam may be 
supposed to act at its middle point, and, generally, that 
the weight of a rigid body of any shape may be supposed 
to be concentrated at a single point, called the centre of 
gravity of the body. We shall now prove this property, 
and in Chap. XII. we shall show how to determine the 
position of this point for bodies of certain shapes. 

Gravity. — Iefining gravity* as the attraction which 
the Karth exerts on all bodies, and the weight of a body 
as the force with which that body 1s attracted to the 
Earth, it is shown in Dynamics, Chap. VIITL., that, at any 
given place the weights of different bodies are proportional 
to their masses (1.e., the quantities of matter in them), 
and that the weight of a body in pounds’ weight mea- 
sures the mass of the body in pounds. 

The weight of a body always tends to puli it towards 
the centre of the Karth. Hence, defining the vertical as 
the direction of gravity, the verticals at different places 
would, if produced, mcct in the Karth’s centre. But the 
Earth’s radius is nearly 4000 milcs; consequently the 
verticals at two places would have to be produced nearly 





* We are here dealing with terrestrial gravity only. Considerations respecting 
the universal gravitation which exists bet ween all bodies are beyond the scope of 
this book. We omit the subject altogether in preference to furuinshing a few 
fragmeutary statements about it, and refer the advanced student to Barlow and 
Bryan’s Astronomy, Chap. XILI., Sections II. and ITI. 
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4000 miles below the Harth’s surface before they would 
meet. Hence, unless the places themselves are at a con- 
siderable distance apart, the verticals are very approxi- 
mately parallel, and we shall consider them as parallel in 
treating of the centre of gravity. 

Now suppose a body to be built up of a number of 
heavy particles rigidly connected together. Then, unless 
the body is very large (so large, indeed, as to be com- 
parable in size with the whole Earth), the weights of the 
particles will form a system of parallel forces acting on 
them. By § 135, these forces will have a centre through 
which their resultant always passes. This centre is called 
the centre of gravity of the system of particles. 

The same thing is true for any body, whatever be its 
nature or the distribution of its parts. For if we subdivide 
any body into a very large number of parts, we may make 
these parts so small that each may (for all practical pur- 
poses) be regarded as a single heavy particle. Hence the 
resultant weight due to the weights of the different 
portions of a body always passes through a certain point 
in the body, and this point is called the centre of gravity 
of the body. 

The centre of a system of parallel forces was defined by 
the property that the resultant force continues to pass 
through this point, even when the direction of the forces 
is changed, provided that they remain parallel forces and 
have the same magnitudes as before. We cannot alter 
the direction of gravity, but it will amount to the same 
thing if, instead, we turn the body itself round, provided 
that in doing so we do not alter its size and shape, and 
that we suppose the centre of gravity to move as if 
rigidly connected with it. 

The centre of gravity of a body is therefore fixed 
relative ta the body, so that, when the body moves as a 
rigid body, the centre of gravity moves with it. 

We may, if we please, suppose the body to have a small speck in 
it, marking the position of the centre of gravity. However the body 
is moved, its weight always acts in a straight line through this speck. 

It is not necessary that the body itself should be rigid 
in order to have a centre of gravity, but the centre of 
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gravity remains fixed relative to the body only as long as 
its size and shape remain unaltered. 

Thus a straight piece of wire has a centre of gravity at its middle 
point, and its weight will act at that point as long as it remains 
straight. If the wire be bent, it will no longer have the same centre 
of gravity. A bicycle has a centre of gravity through which its 
weight will always act, so long as its different parts (the steering- 


wheel and handle, and the frame, &c.) preserve the same relative 
position. 


140. We may therefore give the following :— 


Derinirion.—The centre of gravity of a body is that 
point, fixed relative to the body, through which the 
resultant force due to the Earth’s attraction on it always 
passes, whatever be the position of the body, provided 
that its size and shape remain constant. 


In short, the centre of gravity is the point at which the 
whole weight of the body always acts. 


The abbreviation for centre of gravity is C.G. 


141. The construction for the C.G. of a system 
of particles at given points is identical with that for 
the centre of parallel forces, the weights of the particles 
simply taking the place of the parallel forces. It 1s, 
therefore, given by § 134, only that. instead of replacing 
the forces two at a time by a single resultant force, we 
have to replace the weights two at a time by a single 
weight.* 


142. A body cannot have more than one C.G.— 
For if the body had two centres of gravity G, H, the line 
of action of the body’s weight would always have to pass 
through both G and H, and would therefore have to be 
the line GH. But this is impossible, except when GH is 
vertical, for the weight of a body always acts vertically. 
Hence the body cannot have two C.4G.’s. 


a a ES EET — ow 








* The student is recommended to write out § 134, substituting the words 
‘“‘ weight ” for “ parallel forec,” and ‘‘centre of gravity” for “‘ centre of parallel 
forces,” 
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143. Centre of mass.— The foregoing considerations 
show that a body has a 0.c. only when— 


(i.) It is acted on by gravity, t.e., it has weight. 


(ii.) The intensity of gravity is constant, both in mag- 
nitude and direction, at all points of the body (as is the 
case for bodies of small size as compared with the Earth). 


Now, if gravity were not to exist, a body would not 
have weight, but it would still have what is called 
mass, although its mass could not be measured in the 
ordinary way by weighing, and the analogy naturally 
suggests (as we shall now learn) that the body would 
still have a centre of mass. 

Suppose a body to be at first acted on by gravity, and let its o.a. 
be found and indicated in position by marks made on the body. 
Suppose the body to be then removed from the influence of gravity 
by being carried right away from the Earth into space. The marks 
will still indicate the samo point of the body, and the position of this 
pon will have a definite relation to the distribution of matter in the 

ody, although it can no longer be called its centre of gravity. This 
point will be called the body’s centre of mass. It may be defined 
statically as follows :— 


144. Derinitrion. — The centre of mass, or mass- 
centre, of a body is the centre of a system of parallel forces 
acting on all the particles into which the body may be 
supposed divided, and such that the force on each particle 
is proportional to its mass. 


The abbreviation for centre of mass is C.M. 


We observe that every body, or system of bodies, has 
alwaysac.m.* If it have a c.a., that point will necessarily 
coincide with its ¢.m., because the weights of the particles 
of the body, being proportional to their masses, form a 
system of forces having the c.m. for their centre. 

It is, therefore, always correct to speak of the o.a. of a 
body as its centre of mass, but not vice versd. 

As we are only concerned with the effects of terrestrial 


* For the definition makes no assumption as to the cause producing the forces 
on the particles of the body, and only assumes that these particles have mass. 
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gravity, we shall continue to use the term c.g. By finding 
the c.a., we really determine the 0.M.; just as by weighing 
a body we really determine its mass. 

[* The following dynamical definition may be substi- 
tuted for the above equivalent statical definition :— 


Derinition.—The centre of mass of a body is the 
point through which the resultant (‘‘impressed ”’) force 
on the body acts when all parts of the body move with the 
same acceleration.* 

For the forces acting on different parts of the body are 
proportional to their respective masses, as shown in 


Dynamics (Chap. VI., § 83). ] 


[* 145. Construction for the C.M. of a number of 
particles.—If particles, whose masses are P, Q, I, S, ..., 
are situated at points A, B, C, D, the point G, obtained by 
the construction of § 134, will be the centre of parallel 
forces of magnitudes P, Q, FR, S acting at A, B, C, D, re- 
spectively, and will therefore be the c.m. of the particles. ] 


146. Drrinrrions.— A lamina is a sheet of material 
whose thickness is so small that it may be regarded as a 
distribution of matter over an area. A uniform lamina 
is one which is of the same thickness and formed of the 
same substance throughout. 


The C.G. of an area or surface means the C.4. of a 
uniform lamina covering that area or surface. 

Thus a sheet of paper or thin card, a thin sheet of metal such as 
that forming a tin canister, a plate of glass of smal]! thickness, a 
slate, and in some cases even a wooden plank, may bo regarded as a 
lamina. And the c.a. of a parallelogram will be the ¢.c. of a sheet 
of paper or any other uniform lamina forming that parallelogram. 


A wire, stick, rod, or beam is said to be uniform when 


it is of the same cross section and of the same substance 
throughout its length. 


The C.G. of a line (whether straight or curved) means 
the c.c. of a thin uniform wire placed along that line. 


eee et oe 





* This is the case when the motion of the body is one of ‘‘ pure translation.” 
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147. The C.G. of a straight line is at its middle 
point. 

This is obvious, for there is no reason why it should be 
nearer one end than the other. 

To prove it, let AB be a straight uni- A G B 
form wire, G its o.4. Then @ evidently B G A 
lies somewhere in the line AB. And if Fig. 116. 
the wire be turned round so that the end 
B is placed at A and the end A is placed at B, the wire 
lies along the same line as before, and the position of G 
must therefore be unaltered. Hence GA = GB, or @ is 
the middle point of AB. 


148. The C.G. of 
(a) a circular ring, and 
(6) a circular area, 
are at the centre of the circle itself. 


For, if either a uniform circular wire or a uniform 
circular lamina is rotated about its centre, it will continue 
to occupy the same space as before; therefore its c.a. will be 
unaltered in position. But if the c.g. were not at the 
centre of the circle, its position would rotate with the wire 
or lamina, and would therefore change. Therefore the 
c.g. cannot be elsewhere than at the centre (as is almost’ 
obvious without proof). 


149. Other symmetrical figures.— The method of 
the last three articles depends on the fact of the figure 
whose ¢.G. 18 required being “symmetrical about a 
point,” in such a way that it is capable of being turned 
about that point tll it occupies exactly the same space as 
before, without rts different parts all coming round to their 
original positions. We find, in each case, that one point 
alone remains unchanged in position, and we conclude 
that this point must be the required c.a. 

A body of any shape could, of course, be rotated completely round 
(t.e., turned through four right angles) about any pout and brought 


back into its original position ; but this would wot help us to find the 
c.G., because every point of the body would come back to its former 
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position, so that we should be no nearer knowing which was the c.c. 
than we were before. 


From the above property we are able at once to write 
down the following additional results :— 

The c.a. of the area of a regular polygon is the centre 
of the polygon, and the same is true for a uniform wire 
bent round to form the sides or “‘ perimcter”’ of a regular 
polygon. For the c.g. must be unaltercd in position wher. 
the polygon is turned about the centre, and each side is 
brought into the former place of the next side. 

The o.a. of a solid sphere, or of the surface of a sphere 
(Fig. 117), is at O, the centre of the sphere, for its position 





Fig. 117. Fig. 118. 


is evidently unaltered by turning the sphere round about 
its centre through any angle. 

The c.g. of the volume or the surface of a right 
cylinder (Fig. 118) is at the middle point of its axis BC, 
for it is evidently unaltered in position when the cylinder 
is revolved about its axis, and also when turned, so that 
the positions of the two ends B, € are interchanged. 

The c.g. of the volume or surface of a cube or any 
other rectangular parallelepiped is at a point midway 
between each pair of opposite faces, as may be seen by 
turning it round so as to interchange the positions of two 
opposite faces. It may be proved geometrically that the 
diagonals all intersect and bisect one another at the C.. 
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150. Properties of the C.qG. — Equilibrium of a 
heavy body about a fixed point. 


From what we have learned in the present chapter, we 
know that, if a heavy body (1.e., a body on which gravity 
can act) be supported at any point, the c.c. and the point of 
support will be in the same vertical line, for the only 
forces acting on the body are— 


(i.) The resultant force due to gravity. This is the 
weight of the body, and it acts vertically through the c.a. 


(ii.) The reaction at the point 
of support. 

These forces are in equilibrium ; 
therefore they must be equal and 
opposite and in the same straight 
line. 

Therefore the point of suspension 
is in the vertical through the c.c. Fig. 119. 

Theoretically, a body would balance when supported at a point 
ne vertically above its c.c. (Fig. 120), or vertically below its c.a. 

ig. 119), or at its c.g. But it sometimes happens (as we shall see 
te on) bat a body so supported is ‘‘top heavy,’’ and it is practically 
impossible to keep it balanced any length of time. 








151. If a heavy body is supported aé its C.G., it 
will balance in every position. 

Since the c.g. is at the point of support, the body’s weight 
always acts through the point of support. This weight 
cannot move the point of support, because that point is 
fixed; and it cannot turn the body round, because it has 
no moment about that point. Hence the body must 
remain balanced in every position. 

In consequence of this property, the C.G. vs very commonly 
spoken of as the balancing point of a body. 


152. The plumb-line,* used by builders and others for 
finding the direction of the vertical, is a flexible string 
from which a heavy weight of lead, or plummet, hangs. 
When at rest, the string is vertical throughout its length, 











* rom the Latin pinion = ‘'Jead,” 
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for the tension at any point has only to support the 
vertical forces due to the weight of the plummet and the 
part of the string below that point. Hence the tension 
is everywhere vertical. And the string, being flexible, 
places itself so that the tension is everywhere along the 
string ; hence the plumb-line is itself vertical. 


153. To find by experiment the C.G. of a lamina. 


The c.a. of a sheet of metal or any other material, or a 
wooden plank, or a wire of any shape, may be found in 
the following manner :— 

Suspend the body from any point A, and on it draw 
the vertical line AD through A. This line may be traced 
either by means of a plumb-line or by producing the 
direction of the string from which the body hangs. We 
know, by § 150, that the c.a. lies in AD. 





D 
Fig. 120. Fig. 121. Fig. 122. 


Now suspend the body from any other point B, and on 
it draw the vertical line BE through B. As before, the 
c.a. lies in BE. Therefore the required c.c. is at the 
intersection of AD, BE. 

This method is theoretically applicable to any body whatever, but 


except in the case of a lamina, it would usually not be very casy to 
mark the two positions of the vertical, AD and BE. 


154. As an instructive exercise, the student should 
perform a few simple experiments, such as the following :— 


160 STATICS. 


ExperiMENT I.— Take a sheet of cardboard, wood, or 
metal, hang it in succession from two points A, B, and 
each time mark on it the vertical through the point of 
suspension. Let these lines be AD and BE, and let them 
intersect in G. Then, by placing a finger under the 
lamina at G, it will be found possible to balance it in a 
horizontal position, showing that @ is its balancing point 
or c.a. Now hang the lamina from a third point @. It 
will be found that @ is vertically below C, thus verifying 
that the c.a. and the point of suspension always lie in the 
same vertical line. 

Now let a small hole be drilled through the lamina at G, 
and let it be supported in a vertical plane by a thin nail 
or pin passing through this hole. If the position of G has 
been found with accuracy, the body can be turned round 
about the pin and will remain balanced in every position. 

If the lamina is in the shape of a rectangle or parallelo- 
gram, and is hung up from one of its angles, the diagonal 
through that angle will be found to be vertical, thus 
verifying that the c.c. lies in the diagonals, as in Figs. 
120, 122. 


Experiment IJ.— Take a 
straight thin rod (e.g., a ruler, 
a straight walking-stick, or, 
better still, a billiard cue), and 
suspend it by means of two 
very fine strings from any point 
0. Also make a plumb-line by 
hanging a small weight W by a 
single thread from 0. If the 
thread OW cuts the rod in G, 
the c.a. of the rod will be at G. Fig. 123. 

Mark this point on the rod. 
Then, if the rod be laid on the finger or on any support 
touching it at G, it will balance. 

If the rod is of umform thickness and material 
throughout, @ will be found to be at its middle point. 
If one end of the rod is heavier than the other, G will be 
found to be nearer to the heavier end. 
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EXxpeRIMENT IIIT.—Take a heavy piece of wire bent into 
a hoop or any other form, and suspend it in turn from 
different points A, B, G on it. By means of a plumb-line, 
mark the points D, £, F on the wire, which are vertically 
below A, B, C in the respective positions. Then, b 
placing the wire on a sheet of paper, the lines AD, BE, 
may be drawn, and it will thus be verified that these lines 
all pass through one point G. This point is the c.g. of 
the wire, and 1s usually not on the wire tiself. In fact, if 
the wire forms a circular hoop, its c.g. will be at the 
ees of the circle, and therefore it will never be on the 

oop. 


155, Derinition.—When a body rests upon any hard 
flat surface, its base is defined to be the area enclosed by 
a fine string drawn tightly round it so as to enclose all 
points of the body in contact with the supporting surface. 


‘When a glass tumbler rests on a table, 
the dase of the tumbler is evidently tho 
circular area enclosed by the parts of 
the tumbler touching the table. But 
in the case of a table resting on the floor 
on its four legs, the Jase is the quadri- 
lateral formed by joining the feet, for 
this would be the figure assumed by a 
string pulled tightly round the points of 
contact. The definition ensures that 
when the body is overturned it must turn about some point or line 
bounding the base. 

The base may also be defined as ‘‘ the smallest ”on-re-entrant figure 
which contains every point and surface of contact.”’ ] 





156. Equilibrium of a heavy body resting on its 
base. 


With the definition given above, we shall now show 
that 


When a body is placed on a plane it will stand 
or fall according as the vertical line through its 
C.G@. falls within or without the base on which it 
rests. 

STAT, M 
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(i) First let the vertical through the c.g. cut the sup- 
porting plane at a point M outside the base AD; let A be 
the point of the base that is nearest to M. Then the 


C 





Fig. 126, Fig. 126. 


weight of the body is equivalent to a single resultant force 
acting at G, and the moment of this weight (Fig. 125) 
tends to turn the body about A in such a way as to lift 
up all the other points of the body touching the plane. 
Now the reaction of the plane always acts away from it, 
and never tends to prevent any part of the body from 
being lifted off. Hence there is nothing to counteract 
the tendency of the body to overturn about A. Therefore 
it will fall. 

(1i.) Second, let the vertical through the c.c. cut the 
supporting plane at a point M inside the base AD. Then, 
if A be any point at the edge of the base, the moment of 
the weight about A tends to press down the other points 
of the body touching the plane (Fig. 126), as at D. Now 
the reaction of the plane prevents the body from pene- 
trating it. Hence,in order to overturn the body about A, 
we should therefore have to turn it in the opposite direction 
to that in which its weight tends to turn it. Therefore the 
body will stand. And if it be slightly tilted up, its weight 
will bring it back to its original position as soon as it 18 
let go. : 

As a particular case, when a body rests touching the 
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ground at a single point, the vertical through the centre 
of gravity must pass through that point (Fig. 119). 


OssERvation.—The plane supporting the body may be 
either horizontal or inclined, provided that it is sufficiently 
rough to prevent the body from sliding down. 


157. Experimental verifications. — The reader is 
strongly recommended to test the truth of the theoren 
by some simple experiments made with any common 
objects around him. The following are a few examples of 
its application :— 

EXPERIMENT I,—A plate or saucer may be placed over- 
lapping the edge of a table, provided that its centre (or 
c.@.)does not project beyond the edge (or base). If the centre 
overlaps, the plate will fall. By placing something heavy 
on the portion of the plate on the table, the position of 
the c.a. of the whole may be brought nearer the table, 
and the plate may then be made to rest overlapping 
beyond its centre, but not beyond the new c.G. 

Similarly, a book can be placed on the top of another 
book resting on a table, provided that the middle (or c.c.) 
of the upper book does not project beyond the lower book 
(7.e., beyond the base). Here, again, to make the upper 
book project beyond its middle, weights must be placed 
on the supported end to bring the c.a. nearer that end. 





Experiment IJ.—If any body of rectangular section 
ABCD (say «@ brick) be stood upon a rough plank, and 
the plank be gradually tilted about the edge A, the body 
will remain standing as long as its c.a. does not overlap 
the base, but directly this happens it will fall over about 
its lowest edge (Figs. 125, 1215). 

Now the c,a. of a rectangular body lies in the diagonal] 
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plane AG. Hence the body will turn over just after the 
diagonal AC has passed through the vertical position. 


158. Other illustrations.—(1) A cart or tricycle will overturn 
if the vertical through its c.a. falls outside the wheel base (Fig. 129). 





Fig. 129. 


(2) A porter carrying a heavy trunk in one hand often extends the 
opposite arm at full length in order to more readily bring his c.e. 
over a point between his two feet. A man carrying a heavy weight 
in front of him leans back in order to bring his c.c. over in bade: 

@) If we lean too far back in a chair tilted up on its hind legs, we 
shall fall over backwards when the vertical through the c.c. falls 
behind the line joining the two back feet. 

(4) The leaning tower of Pisa overlaps it base by 13} feet at its 
highest point, but it stands because the vertical through its ca. is 
well within the base. Treating the tower as a uniform cylinder 
(Fig. 126), its c.c. is at G@ midway between two diagonally opposite 
points A, C at the top and bottom. Hence the tower would fall if it 
were to project beyond A, that is, if the top were to overlap by 
more than the diameter of its base. 


159. Stable, unstable, and neutral equilibrium.— 
Theoretically, it is always possible to balance a body by 
supporting it at a point anywhere either vertically ubove 
or vertically below, or at its c.c. But, practically, it is 
often very difficult to keep a body balanced on a point 
even for a short time, and the least disturbance either 
from shaking or other causes suffices to overturn it. 
Bodies have, as we know, a natural tendency to fall into 
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certain positions of equilibrium, and to fall away from 
other positions. 


Thus an egg naturally rests on a table with its side touching the 
table. But it is difficult to balance the egg on its end as in Fig. 133; 
and, if this has been done by bringing the c.c. directly over the point 
of support, the egg will still overturn with the slightest shake or ~ 
breath of air, or other disturbance, which moves the egg and therefore 
its o.g. or its point of support a little to one side or the other. 
In ordinary language, we express this fact by saying that the egg 
is top heavy. 

Again, a crooked walking stick will readily hang down of itself 
with a finger supporting it underneath its crook, but thé stick can 
only with difficulty be balanced upright on the tip of the finger, and 
the stick is then said to be top heavy. 

A pin would theoretically satisfy the conditions of equilibrium of 
§ 160 if stood upright with its point resting on a plate. But no hand 
is sufficiently steady and patient to place it exactly in the right 

osition, nor could the plate and pin remain sufficiently undisturbed 
or the pin to continue balanced for more than an instant, even if it 
were 80 placed. The pin would in fact be top heavy. 

On the other hand, a weight (such as a plummet) hanging from a 
string will of its own accord fall into a position of equilibrium with 
the string vertical. If pulled aside, it will at first swing to and fro, 
but the string will at last again assume a vertical position. Again, a 
round ball resting on a table can be rolled along the table, and will 
remain at rest if placed in any position (Fig. 119). 


160. Hence there are different kinds of equilibrium, 
and these have received names according to the following 


DEFINITIONS.—Bodies are said to be in stable equilibrium 
when they tend to return to their equilibrium position 
after being slightly disturbed. 

Examples.—A stick hanging by its crook; a weight hanging from 
a string or plumbline; a ball or marble inside a basin; the beam 
of a balance. 

Bodies are said to be in unstable equilibrium when 
the least disturbance causes them to move further and 
further away from their equilibrium position. 

Examples. —An egg stood on end; a pin stood on its point; a 
walking-stick standing upright on the finger; a ball or marble placed 
at the top of an inverted bowl. 

-Note.— When we say that a body is ‘‘ top heavy,” 
we imply that it ts in unstable equilibraum. 
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Bodies are said to be in neutral equilibrium when, 
after being displaced, they remain in their new position. 


Exampiles.—A ball or marble on the table; an egg resting on its 
side when allowed to roll along the table; a heavy body of any kind 
supported at its c.g. (§ 151) ; a door turning on its hinge. 

A top, a hoop, or a bicycle will remain upright as long as it is 
in rapid motion, although it would be unstable and would overturn 
if at rest. Similarly the Japanese in their balancing feats are able to 
keep bodies standing in positions of unstable equilibrium by moving 
the point of support slightly, so as to counteract every tendency to 
overturn. Hence, when a body is in motion, it is impossible to argue 
from purely statical considerations as to whether it is stable or not. 

Considerations of stability and instability of equilibrium are of the 
utmost practical importance, especially in shipbuilding; for, unless a 
ship is stable, it will capsize, as the Victoria did. 


161. Stability of a body with one point fixed. 

A heavy body, moveable freely about a fixed point 0, is 
in stable, unstable, or neutral equilibrium, according as 0 
is vertically above, vertically below, or at G, the body’s ¢.4. 


Ww w 
Fig. 130. Fig. 131. 


For if the line OG is not quite vertical, Figs. 130, 131 
show that the moment of the weight acting at G@ tends to 
turn the body about 0 towards the position in which @ is 
vertically below 0, and away from the position in which 
G is vertically above 0. Hence the former position is 
stable and the latter unstable. And since the body 
balances in every position when supported at G, its equili- 
brium is then neutral. 


Thus a cake-basket can be lifted by the handles whon empty, but 
if a large high cake is placed in it, the c.c. will be brought above the 
points where the basket is hinged to its handles, and it will overturn. 
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162, Stability of a body resting on a horizontal plane.— 
When a body rests touching the ground at one point, its equilibrium 
is not necessarily unstable, even although its c.g. is above its point of 
contact. 

A ball whose c.a. is at its centre is in neutral equilibrium when 
placed on a horizontal surface. For, however the ball be rolled about, 
its c.G. will always be vertically above its point of contact, and hence 
it will always remain in equilibrium (Fig. 119, p. 158). 


M 
W 





Fig. 132. Fig. 133. 

If the surface of a body is spherical and its c.a. is not at its centre, 
tho body will be in stable equilibrium on a horizontal plano if its c.a. 
be vertically Jelow its centre, and in unstable equilibrium if its c.e¢. 
be vertically above its contre; for Figs. 132, 133 show that the moment 
of the weight tends to turn the body towards the former position and 
away from the latter. 

The whole body need not necessarily be spherical, provided that 
the part of the surface touching the plane is sphcrical. 

Thus, if « hemisphere of lead is joined to a cylinder of cork so that 
the c.a. of the whole is below the centre of the hemisphere, it will 
stand upright although it looks very top-heavy. or lead is so much 
heavier than cork, that a cork of considerable length may be attached 
to the hemisphere without raising the c.a. above the centre. 

Several toys act on this principle, for, if the lead and cork be coated 
together with paint, the difference of materials is disguised, and so a 
doll which wil] only stand on its head is easily made. 


163. General condition of stability.—The weight of a body 
acting at its c.c. always tends to pull this c.g. down towards the 
Earth. Hence, if the body is in equilibrium with the c.¢. in the 
highest possible position, its equilibrium must necessarily be un- 
stable. And when the c.ac. is at the lowest possible position, the 
body must nocessarily be in stable equilibrium, for gravity has 
pulled it as low as possible, and it can go no further. 

For this reason, in order to make a body stable, it is often loaded 
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with weights low down, so as to lower the c.g. as much as possible. 
This is why ships carry ballast. On the other hand, poops by 
standing up in a small boat raise the o.¢., and may make it top heavy. 

As another illustration, a small particle or spherical ball will be in 
unstable equilibrium when resting at the highest point of the convex 
surface of a round body, and in stable equilibrium when resting at 
the lowest point of a concave bowl. The student should, as an 
exercise, draw diagrams for the two cases, showing that when the 
ball is displaced its weight tends to pull it away from the former 
but towards the latter position of equilibrium. 


164. To find the C.G. of a parallelogram. 

Let ABCD be either a uniform lamina or a uniform wire 
in the shape of a parallelogram. Let its diagonals AC, BD 
intersect in G@. Then shall @ be the required c.a. 


PK 


Fig. 134. Fig. 135. 


Turn the parallelogram round as in Fig. 135, and place 
it so that the vertices A, B, C, D coincide with the previous 
positions of the vertices 0, D, A, B, respectively. Then 
the diagonal A@ will coincide with its previous position 
CA, and BD with DB. Hence G, the intersection of the 
diagonals, will be unaltered in position. Also no other 
point in the parallelogram will occupy the same position 
as before. For any other point will be brought round 
to the opposite side of @. 

Now, when the parallelogram is turned round, it occu- 
pies the same space as before; hence its ¢.G. in its new 
position coincides with its 0.a. in its old position. There- 
fore the c.G. of the parallelograin must be at G. 

OBSERVATION.—The reader should cut the parallelogram out of a 
sheet of paper, marking the points A, B, C, D both on the parallelo- 
gram and on the paper from which it was cut. On turning it round 
into the new position, it will again exactly fill the hole from which it 
was cut, and the diagonals will be unaltered in position, but their 
extremities will be interchanged. Hence G will be the intersection of 


the same two straight lines as before, and will therefore be unaltered 
in. position. 
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Cor. 1. Since the diagonals of a parallelogram bisect each other, 
the 0.@. is at the middle point of either diagonal. 

This is also obvious from the method of proof. When the parallelo- 
gram is turned round, AG is brought into coincidence with the former 
position of GC. Therefore AG = GC, and @ is the middle point of AC. 


Cor. 2. The c.a. is the middle point of the line bisecting a pair of 


For let £, F be the middle points of AB, CD. When the parallelo- 
gram is turned round, AB, CD occupy the former places of CD, AB, 
respectively. Hence £, F occupy the former places of F, £, respect- 
ively; and therefore the middle point of EF occupies the same 
position as before. Therefore this point is G, the required c.c. of the 
parallelogram. 

Cor. 3. Similarly, G is the middle point of the bisector of the pair 
of opposite sides BC, DA. Hence the diagonals and the bisectors of the 
opposite sides of the parallelogram all bisect one another in the c.a. of the 
parallelogram, as may be otherwise proved by geometry. 


SuMMARY OF RESULTS. 


The centre of gravity of a body is that point through 
which the resultant force due to the Earth’s attraction 


always passes. (§ 140.) 
The centre of gravity of 

(1) @ straight line is its middle point ; (§ 147.) 
(2) a ctrcular ring is the centre of the circle ; (§ 148.) 
(3) a circular area is the centre of the circle; (§ 148.) 
(4) @ parallelogram is the intersection of its diagonals ; 

(§ 164.) 
(5) @ regular polygon is the centre of the polygon; (§ 149.) 
(6) a sphere is the centre of the sphere ; (§ 149.) 


(7) aright cylinder is the middle point of its axis; (§ 149.) 
(8) a@ cube or rectangular parallelepiped is at the inter- 


section of its diagonals. (§ 149.) 
When a body is supported at one point, tis C.G. ts in 
the same vertical line as the point of support. (§ 150.) 


The base of a body is the area enclosed by a string 
drawn tightly round the points of contact with the 
supporting surface. (§ 155.) 
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A body placed on a plane will stand or fall according as 
the vertical line through its c.G. falls within or without rts 
base. (§ 156.) 

A body is in stable or in unstable equilibrium according 
as when slightly displaced from its equilibrium position 
it tends to return to or move further away from that 


position. (§ 160.) 
A body is in neutral equilibrium if whon slightly 
displaced it remains in its new position. (§ 160.) 


EXAMPLES XI. 


1. Weights of 1 and 65 1bs. are fixcd at the two extremities of a 
uniform heavy bar 3 ft. long. The centre of gravity of the whole is 
1 ft. from one end. Find the weight of the bar. 


2. A rod, of which the centre of mass is not at the middle point, is 
hung from a smooth pep by means of astring attached to its extremi- 
tics. Find the positions of equilibrium. 


3. A rod 12 ft. long has a weight of 11b. suspended from one end, 
and when 15 Ibs. is suspended from the other ond it balances at a 
point 3 ft. from that end, while if 8 lbs. are suspended there it balances 
at a point 4 ft. from that end. Find the weight of the rod and the 
position of its centre of gravity. 


4. A rod ABC, 16 ins. long, rests in a horizontal position upon two 
supports at A and B 1 ft. apart, and it is found that the least upward 
and the least downward force applicd at C which would move the rod 
arc 4 oz. and 6 oz. respectively. Find the weight of the rod and the 
position of its centre of gravity. 


5. Equal masses are placed at the angular points of a rogular 
pentagon. Show that their centre of gravity is at the centre of the 
circumscribing circle. 


6. A bar projects 6 ins. beyond the edge of a table, and when 2 oz. 
is hung on to the projecting end the bar just topples over; when it is 
pushed out so as to project 8 ins. beyond the edge 1 oz. makes it 
topple over. Find the weight of the bar and the distance of its centro 
of gravity from the end. 


DEFINITIONS AND PROPERTIES OF THE CENTRE OF GRaviTy. 171 


7. A body of any form is supported by a string, which, passing over 
a smooth peg, is fastened at its extremities to two points in the body. 
Show that in its position of equilibrium the c.c. of the body is vertically 
beneath the peg, and that the two portions of the string make equal 
angles with the vertical direction. 


8. Explain fully the circumstances under which a rectangular block, 
standing on a plank which is being gradually tilted, shall topple over, 
being prevented from sliding by a small obstacle. As an example, 
take the case of a block 8 x 5 x 6 cubic ins, 


9. Masses of 1 1b., 1 Ib., 21bs., 2 lbs. are placed at the corners 
A, B, C, D of a rectangle ABCD. Determine, by the principle of § 149, 
a straight linc in which the centres of gravity of the four masses lie. 


10. Of two equal hollow spheres of the same material, one contains 
a quantity of water, and the othcr a mass of lead attached to the inner 
surface. Describe experiments which would enable you to distinguish 
between them. 


11. A number of rectangular bricks are placed so that each overlaps 
the one next below by the greatest amount possible. Show that the 
distanco they overlap (beginning at the top) are proportional to tho 
fractions 4, 4, 4, 4, ..... 


12. A crane is on a four-wheeled railway truck weighing 6 tons. 
The areca of the base formed by the wheels is 50 sq. ft. Neglecting the 
weight of the cranc, calculate the area of the ground from which a 
mass of 3 tons can be lifted by the crane. 


CHAPTER XII. 


DETERMINATION OF THE CENTRE OF 
GRAVITY. 


165. In the last chapter we showed how the position 
of the c.c. of certain figures—such as the straight line, 
sphere, and parallelogram —can be inferred from the 
symmetry of the figures. In most cases, however, it is 
necessary to divide a body into a number of parts, and 
to deduce the position of the c.a. of the whole body from 
those of its parts. Accordingly we commence by investi- 
gating the general method applicable in such cases. 


166. Having given the weights and centres of 
gravity of the different parts of a body, to find 
the C.G. of the whole body. 


Let S,, S,, S,; be different 
parts of a body, and let 
Wi, Wy W, be the weights, 
K, L, M the c.a.’s, of 8S, 
S,, S,, respectively. It is 
required to find the c.c. of 
the whole body made up of 
the parts S, Ds; ope 

The weights w,, w, may 
be taken to act at K, L. 
Therefore their resultant is 
a weight w,+w, acting at a 
point 0 on KL, such that 
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w,. KO =», . OL. 
(w,+w,) KO = w,.OL+w,. KO = w,.KL; 


whence 
KO =—_ KL, OL = KL—KO = —*— KL. 
W, + Ws. W, + Ws 

Hence 0 is the o.c. of the body made up of S, and S,. 

The total weight of the two parts S, and S, is therefure 
w,+w, acting at 0. 

The weight of S, is w, acting at M. Therefore their 
resultant is a weight w,+w,+w, acting at a point G, such 
that (w,+w,) OG = w,.GM. 

2. (w,+u,+wu,) OG = w, (04G+GM) = w,.0M, 
whence 
0G = —"»__0M, GM=—“*%_ oy 
W, + Wet Ws UW, +Wy+ Ws 

Hence G is the c.a. of the body made up of 8S, S,, S}. 

In like manner, if the weights and c.ca.’s of four or more 
parts of a body are known, we can find the c.c. of the 
whole body. The required c.G. is evidently the c.a. of a 
number of particles whose weights are equal to those of 
the several parts of the body, placed at their respective 
c.G@.’s, and the above method is identical with that used 
for finding the centre of parallel forces (p. 145). 








Examples.—(1) To find the c.a. of 
® wire bent into an angle. 


Let a uniform wire AB be bent 
into an angle ACB. We may con- 
sider it as consisting of two straight 
wires AC, CB joined together at C. 

The o.c.’s of these two portions 
are at their middle points K, L, and 
their weights are proportional to 
their lengths AC, CB. Hence the 
c.c. of the whole wire is at a point G 
in KL, such that 


ACx KG = CBx GL, 
GK _ CB 


" GL CA’ Fig. 137. 
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{The point @ may be found by the following geometrical construction :—Draw 
CD bisecting the angle ACB and cutting KL in D. Take K@ = DL, and therefore 
Q@L= KD. Then G is the required c.a. 


For since CD bisects angle KCL, therefore (Euclid, VI. 3) 
Lb _ Lc. . GK _CL _%4CB _ CB 


= eee 


DK CK’ °° GL CK 3CA CA’ 


(2) To find the c.g. of a cubical box without a lid. 


Let a be the length of a side of the cube. Let O be the centre of 
the cube, A the centre of its base, G the required c.a. (figure should 
be drawn). Then it is easy to see that the c.c. of the four sides of 
the box is at O, and their tota] area is 4a. Also the c.c. of the base 
is at A, and its area is a®. Therefore G@ is the c.a. of weights a* at 


A and 4a? at O. 
a* x AG = 4a? x GO. 


AG =4G0, and AO = 5G@0. 
GO =7A0, and AG = +4A0. 
But AO = 4a. Therefore AG = 2a. 


Hence the c.a. is at a height above the base of the height of the 
cube. 


167. DertnitT1ion.—The medians of a triangle are the 
straight lines joining its vertices to the middle points of 
its opposite sides. 


Lemma. Any straight line, parallel to the base of a triangle and termi- 
nated by its sides, is bisected by the median through the vertex opposite the 
base. 

Let ABC be the triangle, bc any line parallel to BC. Let D be the 
middle point of BC, and let AD cut bc ind. Then shall d be the 
middle point of 6c.* 

For, if not, from de, cut off dk = bd. Join Ak, and join D to 6, c, k. 

Then, sinceBD = DC; .. AABD = AACD and AbBD = AcCD, 

-, remaining AAbD = AAcD. And since bd = dk, 
AAbd = AAkd, and ADbd = ADkd; .-. AAbD = AAKD; 


ck is parallel to AD, which is impossible, since ck cuts AD in d. 





* The proof which follows may be omitted and a simpler proof substituted by 
those who have begun to read Euclid, Book VI, 
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168. To find the C.G. of a triangular area. 

Let ABC be a triangular lamina, D,£,F the middle points 
of the sides. Join AD. Then we shall show that the c.a. 
of the triangle lies in AD. 

Suppose the triangle to be divided into a very large 
number of thin strips such as 6c, by drawing straight 
lines parallel to the base BC. 





Fig. 138. Fig. 139. 


If the strips are made sufficiently thin, each may be 
treated as a uniform thin rod, and the v.c. of such a rod 
is at its middle point d.* 

But, by the above lemma, the median AD passes through 
d. Hence the c.a. of every thin strip of the triangle lies 
in AD. And since the weight of each strip acts as if it 
were concentrated at its C.G., we see that the c.Gc. of the 
whole triangle is the same as that of a certain distribution 
of weights along the line AD. 

Therefore the c.a. of the triangle lies in AD. 

Similarly, by dividing the triangle up into strips 
parallel to AC, it may be shown that the c.a. of the 
triangle lies in the median line BE, and also in CF. 

: We may suppose phe teana) to be built up of a number ot thi : rue sai 
Stectl eneakiig, ‘hele Unde souk Tavs ae Soa cthied off : slong the: sities 


AB, AC; but we suppose the strips so thin that the amount smnecthed off is 
inappreciable.} 


176 STATICS. 


Therefore the 0.4. of the triangle is at G, the common point 
of intersection of the medians AD, BE, CF. 


Cor. The three medians AD, BE, CF all pass through one common point. 
This is a well-known geometrical theorem, and is proved in moat 
modern editions of Euclid.* 


169. The C.q, of a triangular area coincides with 
the C.G. of three equal particles placed at its 
vertices. 

Also it is the point of trisection of any median 
line which is the more remote from the corre 
sponding vertex. 

(i.) Let three equal weights w 
be placed at A, B, C. 

Then, if D be the middle point 
of BC, the weights’ w at B and w 
at C have a resultant 2w at D. 

Hence the c.g. of the three 
weights is also the c.c. of weights 
2w at D and w at A. 

- Therefore it lies in AD. 
Similarly, it lies in BE and CF. 
Therefore it is at G,the point of intersection of the 

three medians. 

Therefore it coincides with the c.c. of the triangular 
area AB C 

(ii.) Again, since G is the point of application of the 
resultant of weights 2w at D and w at A, 

therefore G divides AD, so that 





w.AG = 2w. GD. 
AG = 2GD, 
and “, AD=AG+G4D = 3GD. 


* Or see the solutions to the Geometry paper of June, 1888, in Matriculation 
Moda Answers, 
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and AG=- 
Therefore @ is that point of trisection of AD which is 
the more remote from the vertex A. 


Cor. 1. If each of the weights w is one-third the weight of the 
lamina, their total weight and the position of their c.c. will be the 
same as for the lamina. Hence a uniform triangular lamina is stati- 
cally equivalent to three equal weights placed at its vertices, each being 
onée=third the weight of the lamina. 

Cor. 2. The point of intersection of the three medians of a triangle és 
one of the points of trisection of each of them. 


This may also be proved by pure geometry. The proof is left as 
an exercise for the reader. 


170. Ko find the C.G. of the perimeter of a triangle. 

Let ABC be a triangle. - It is 
required to find the c.a. of a thin 
uniform wire bent into the tri- 
angle ABC.* 

Let D, E, F be the middle points 
of the sides BC, CA, AB, and let 
their lengths be a, b, c, respec- 
tively. 

The weights of the three sides 
are proportional to their lengths, 
and. act at their middle points. 
Hence the required c.a. is the c.a. 
of weights a, b, c placed at D, E, F. 
It might, therefore, be found by the construction of § 166. 

But the following method is more convenient :— 

The weight a acting at D is equivalent to weights da 
at B and 3a at (, since these have the same c.a. and the 
same total weight. Similarly, each of the other sides 
may be replaced by half its weight acting at either end. 
Therefore the c.c. of the perimeter is the c.c. of weights 
2(b+c) at A, #(c+a) at B, (a+b) at C. 

Denoting it by g, we see from § 166 that g may be 
found by dividing Be in L, so that 

* Note that in the present case the matter whose ¢.a. is required is distributed 


the sides of the triangle, whereas in § 168 ib was distributed over the area of 
the triangle. 


STAT. N 
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(c+a) BL = (a+b) LC, 
_. (at+b)a — (ate)a, 
seal Pra er LO = abt 
and dividing AL in g, so that 


b+c 
lo =—"t°-— LA. 
I = 3 (atb+0) 

Hae Alternative construction.—Since g is the c.a. of weights 
a, b, c placed at D, E, F, therefore DG produced divides FF in a point 
K, such that 6.EK =c.KF. But the sides of ADEF are, respect- 
ively, half those of ABC. 

EK _¢ ,, 2D ED. 
KF 6b 2DF DF’ 
whence (Euclid, VI. 3) DK bisects 2EDF. Similarly Fg,¥g bisect 


the angles FED, DFE. 
Therefore g is the centre of the circle inscribed in the triangle DEF. | 


or 





172. To find the c.q. of the area of any polygon. 


Divide the polygon into tri- 
angles (S,, S,, S;, Fig. 141) 
by joining one of its vertices 
A to the other vertices not 
already joined to it. Find 
K, L, M, the c.a.’s of these 
triangles, by trisecting the 
medians drawn from A, as in 
§ 169, and find their areas 
by measuring their bases and 
altitudes. ‘Then the required 
c.g. of the polygon is the 
ca. of weights at K, L, M Fig. 141. 
proportional to the areas 
S,, S.,8,, and is therefore given by the construction of § 166. 

In practice, instead of replacing each triangle by a 
single weight acting at its c.c., it would sometimes be 
more convenient to replace it by three weights, each 
one-third of that of the triangle, placed at its angular 
points. We should thus reduce the problem to finding 
the c.c. of certain weights placed at the angular points of 
the polygon itself, 
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OssERVATION.—The c.@. of a polygon is not, in general, the c.g. of 
equal weights placed at all the corners of the polygon, for, if the last 
construction be followed, the weights by which different triangles are 
replaced are not, in general, equal. 


Example.—To find the c.a. of a trapezoid (i.e., a quadrilateral two 
of whose sides are parallel). 


Let ABDC be the trape- D 
zoid, having AC, BD parallel. 
Let AC =a, BD =}, and let 
h be the perpendicular dis- 
tance between AC and BD. 


The quadrilateral may be 
divided into two triangles 4A H Cc 
ADC, ABD, and the areas of 
these triangles are $ha, $hd; Fig. 142. 


therefore their weights are 
proportional to a, 0d. 


Their c.c. will therefore be unaltered by supposing their weights 
to be egual to a, b, respectively. 
Then the c.c. and weight of the triangle ADC will be the same as 


that of equal weights }¢ placcd at A, D, C. Similarly, the triangle 
ABD may be replaced by equal weights $0 at A, B, D. 


Henco the c.g. of the quadrilateral is the c.a. of the weights 
4 (a+b) atA, 4aatC, fbatB, and 4(a+d) at D. 
Again, by dividing the quadrilateral into two triangles ABC, BDC, 
we sce that its c.a. is also the c.a. of weights 
gaatA, 4(a+b)atC, $(a+b) atB, and bat D. 
Hence the c.g. will be the same when the latter weights are added 
to the former, and it is therefore the c.a. of weights 
4 (2a+b) at A, (2045) atC, §(a+2b) at B, 4 (a+2d) at D. 
Let H, K be the middle points of AC, BD. 


Then the weights }(2a+) at A and 3(2a¢+4) at C are equivalent to 
a weight #(2a+4) at H. 


Similarly, the weights 3 (a+ 20) at B and 3(a+2b) at D are equi- 
valent to a weight # (a + 24) at K. 


Hence the c.a. of the quadrilateral is in HK at a point G, such that 
% (2a+0)x HG = % (a+ 20) x GK, 
a HG _ 4+26 


GK a+d- 
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173. To find the c.q. of a portion of a body. 

Having given the weight and c.g. of a whole body and 
of any part removed from it, to find the position of the 
c.g. of the remaining part. 

Let O be the ¢.c. of a body, W 
its weight. 

Let @ be the c.c. of any part of 
the body, w its weight. 

Let G be the c.a. of the remainder 
of the body. It is required to 
find @. 

The weight of this remaining 
part is evidently W—w. 

Now, since 0 is the c.g. of the whole body, 0 is the 
c.a. of weights w at C and W—w at G. 

C, 0, G lie in a straight line, and 
(W—w)GO0=w.0C. 
Therefore G lies on CO produced through 0, so that 
w 


Example.—To find the c.c. of a hollow spherical bullet containing 
an excentric spherical cavity. 

Let 0 be the centre of the surface of the bullet, C the centre of the 
cavity. 

Let a, 6 be the known radii of the bullet and cavity, and let OC = e. 
Then the volumes of the bullet and of the cavity are, respectively, 
tra® and $7b3. 

Hence, if W denote the weight which the bullet would have if no 
cavity existed, w the weight of matter which would fill the cavity, 

w 58 
Wa 
and the weight of the actual bullet is W—w. 
Hence the required c.c. of the hollow bullet is a point @ in CO 


produced, such that 0G = COx ae , 
o8 








or OG = ex 





a— ps 
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174. To find the 0.G. of any number of weights at given 
points in one plane, 


Let any number of particles of Y 
known weights w,, #4, ws be situated A; 
at given points A,, As, Ay in one plane. Y 105 
Draw two straight lines OX, OY at os 


right angles to one another in the Ae 
plane, and let the distances of each = y|__a, A 1 
weight from each of these two lines be y Ws 





measured.* 

Let 2, a, Zg, ... be the distances of 0 
the weights from OY; 4), Ye, Yg) « 
their distances from OX. 

(So that if, from any weight A,, perpendiculars A,M, on OX and 
A,N, on OY be drawn, we have 

2, = OM,=N,A, and y, = ON, = M,A,\.] 

Let G be the required c.a. of the weights. Draw GM, GN perpen- 
dicular on OX, OY, andlet ¢ = OM=WNG, y = ON = MG. 

The resultant of the weights w,, wa, #3, &c., acting at A), A», As, is 
weight of w, + ,+ 23... acting at @. 

Suppose the plane turned so that OY is vertical and OX horizontal. 
Then, since the sum of the moments of the several weights about 0 is 
equal to the moment of their resultant, 


= if 
= 
x< 


Fig. 144. 


we OM x (Wy, + Wat yt...) = OM, x w, + OMe, x We+ OM x W34+...; 


= WX WyLs + WX eos 
or B= OM = Witt uke + aha Foe 
Wy + We + 3 + oe 


Next place the system so that OX is vertical and OY horizontal. 
By taking moments in like manner about 0, we have 


ON x (wy + Wot Wg t+...) = ON, x w+ ONg x e+ ONG x Wy t..05 


: Wy, + w w ee. 
whence 7=0N = Oy) + Wao + Wag + oo 
wy + Us + Ws + eee 





[* We may suppose the “ particles in one plane” to be a number of small weights 
attached to a flat square sheet of cardboard, and the two straight lines at right 
angles to be two adjacent edges of the square, or instead of the paper we may take 
a school slate, when two adjacent sides of the frame will represent OX, OY, and the 
position of the particles may be represented on the slate. ] 
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173. To find the c.G. of a portion of a body. 

Having given the weight and c.g. of a whole body and 
of any part removed from it, to find the position of the 
c.a. of the remaining part. 

Let O be the ¢.c. of a body, W 
its weight. 

Let C be the o.c. of any part of 
the body, w its weight. 

Let G be the ¢.a. of the remainder 
of the body. It is required to 
find @. 

The weight of this remaining 
part is evidently W—w. 

Now, since 0 is the o.c. of the whole body, O is the 
c.g. of weights w at C and W—w at G. 

C, 0, G lie in a straight line, and 
(W—w)GO0=w.00. 
Therefore G lies on CO produced through 0, so that 
w 
0G = Wow CO. 


Example.—To find the c.c. of a hollow spherical bullet containing 
an excentric spherical cavity. 
Let O be the centre of the surface of the bullet, @ the centre of the 





cavity. 

Let a, d be the known radii of the bullet and cavity, and let OC = e. 
Then the volumes of the bullet and of the cavity are, respectively, 
$na5 and $x). 

Hence, if W denote the weight which the bullet would have if no 
cavity existed, w the weight of matter which would fill the cavity, 

w 58 
Wa 
and the weight of the actual bullet is W—w. 
Hence the required c.c. of the hollow bullet is a point @ in CO 


produced, such that 0G = COx eer : 
38 
a — 58 ° 








or 0G =c¢x 
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173. To find the c.q. of a portion of a body. 

Having given the weight and c.g. of a whole body and 
of any part removed from it, to find the position of the 
c.a. of the remaining part. 

Let O be the c.c. of a body, W 
its weight. 

Let C be the c.g. of any part of 
the body, w its weight. 

Let G be the c.a. of the remainder 
of the body. It is required to 
find @. 

The weight of this remaining 
part is evidently W—w. 

Now, since 0 is the c.c. of the whole body, 0 is the 
c.G. of weights w at C and W—w at G. 

C, 0, G lie in a straight line, and 
(W—w)GO0=w.00. 
Therefore G lies on CO produced through 0, so that 
w 
06 = Wow 22: 


Example.—To find the c.a. of a hollow spherical bullet containing 
an excentric spherical cavity. 

Let O be the centre of the surface of the bullet, C the centre of the 
cavity. 

Let a, 6 be the known radii of the bullet and cavity, and let OC = e. 
Then the volumes of the bullet and of the cavity are, respectively, 
$xa3 and $76°. 

Hence, if W denote the weight which the bullet would have if no 
cavity existed, w the weight of matter which would fill the cavity, 

w 58 
Wo 
and the weight of the actual bullet is W—w. 
Hence the required c.g. of the hollow bullet is a point G@ in CO 


produced, such that 0G = COx ae ; 











or OG =ex 
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173. To find the c.G. of a portion of a body. 

Having given the weight and c.a. of a whole body and 
of any part removed from it, to find the position of the 
c.g. of the remaining part. 

Let O be the ¢.c. of a body, W 
its weight. 

Let C be the c.c. of any part of 
the body, w its weight. 

Let G be the c.a. of the remainder 
of the body. It is required to 
find @. 

The weight of this remaining 
part is evidently W—w. 

Now, since 0 is the 0.c. of the whole body, O is the 
c.c. of weights w at 0 and W—w at @. 

C, 0, G lie in a straight line, and 
(W—w) G0 =w. 00. 
Therefore G lies on CO produced through 0, so that 
w 
06 = Wow CO. 

Example.—To find the c.c. of a hollow spherical bullet containing 
an excentric spherical cavity. 

Let 0 be the centre of the surface of the bullet, @ the centre of the 
gee b be the known radii of the bullet and cavity, and let OC = e. 
Then the volumes of the bullet and of the cavity are, respectively, 
$ra8 and $xb'. 

Hence, if W denote the weight which the bullet would have if no 
cavity existed, w the weight of matter which would fill the cavity, 

w 58 
wa’ 
and the weight of the actual bullet is W—w. 

Hence the required c.c. of the hollow bullet is a point G in CO 

produced, such that 0G = COx ~ oar ; 
28 


or 0G = ex 5 - 
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174. To find the 0.G. of any number of weights at given 
points in one plane, 


Let any number of particles of 
known weights w,, ws, ws be situated 
at given points A,, As, Ay in one plane. 
Draw two straight lines OX, OY at 
right angles to one another in the 
plane, and let the distances of each 
weight from each of these two lines be 
measured.* 

Let 2, %, 3, ... be the distances of 
the weights from OY; 41, Ye, Yy) ..- 
their distances from OX. 

(So that if, from any weight A,, perpendiculars A,M, on OX and 
A,N, on OY be drawn, we have 

a, = OM,=WN,A, and y, = ON, = M,A\.] 

Let G be the required o.a. of the weights. Draw GM, GN perpen- 
dicular on OX, OY, andlet ¢ = OM=NG, y¥ = ON = MG. 

The resultant of the weights 2, ts, w3, &c., acting at Aj, Ae, As, is 
weight of w,+tv9+03... acting at G. 

Suppose the plane turned so that OY is vertical and OX horizontal. 
Then, since the sum of the moments of the several weights about 0 is 
equal to the moment of their resultant, 





Fig. 144, 


OM x (Ww, + Wot W34+...) = OM, x w, + OMg x Wo+ OMG x Wet ..., 
Ge B= OM = Ltt Mate + Wats + 
Wy U gt Ug tie 
Next place the system so that OX is vertical and OY horizontal. 
By taking moments in like manner about 0, we have 
ON x (Wy, + We + Wg +...) = ON, x w, + ONg x We + ON x Wz + ..., 


7 = ON = WY) + Woq + W373 + eee 
UU) + Wot Wg t+... 


whence 


— ee ot ne re NT 


[* We may suppose the “ particles in one plane” to be # number of small weights 
attached to a flat square sheet of cardboard, and the two straight lines at: right 
angles to be two adjacent edges of the square, or instead of the paper we may take 
a school slate, when two adjacent sides of the frame will represent OX, OY, and the 
position of the particles may be represented on the slate.] 
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Hence the distances 0M, ON are known, and by completing the 
rectangle OMGN, the position of @, the required c.c., can be found. 

OBSERVATIONS.—The formule evidently apply to finding the c.a. of a body, 
when Al, As, As are the c.G.’s of its several portions, and w), ws, ws their weights. 

in, if for w), Ws, ws we write m, mg, ms, the masses of the bodies, the 
formule determine the position of their centre of mass. 

Although the weights are supposed above to be in one plane, we may here state 
that similar formule hold in the more general case. If 2}, yj}, 2) are the distances 
of any weight Ai from three planes at right angles (say two adjacent walls and the 
floor of a room), and so on, the corresponding distances x, y, z for the c.a. are 


even by formule proved above, and a third similar formula with 2s written for 
8 or y38. 


Example.—(1) To find the c.c. of a square slate ABCD whose weight 
is 1lb., together with weights of 2, 3, 4, 5 lbs., placed at its four 
corners. ° 


Let z be the distance of the c.e. from AD, y its distance from AB, 
a the length of the side of the square. 

The total weight = 1+2+3+44+465 Ibs. = 15lbs. Therefore, taking 
AB horizontal, the equation of moments about A gives 


liz = 2.04+6.04+1.40+3.a+4.4 = Tha; 
-. = fa. 
Taking AD horizontal, we have, in like manner, 
lby = 2.04+3.041.404+4.a4+5.4a = 9fa; 
“2 ¥Y = tha. 
Hence @G lies on the bisector of the sides AB, DC at a distance 48a 
from AB. © 


175. Work done in raising weights. — The work 
done in raising a number of weights off the ground or raising 
them up to the ground is the same as if their total weight 
were collected at thetr c.G. 


Let there be any number of weights 2, #, W3, ..., and let them be 
raised from the ground to heights 2, 2, %3,.... Let W be their total 
weight, ¢ the height of their c.c. in the new position. 

Then work done in raising the weights 

= WL + Wag + Weg t...- 
But, by the last article, 
gm WIAA ate t Wytat oe WiC + hg + Wytg t 
Wi + Wy +Usgt... v 





WL, + Wolgt... = Wik; 
.. whole work done = Wz = work required to lift total weight to 
the height of the o.a. 
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Similarly, by taking z,, #,... to represent the depths of a number of 
weights below the ground, we see that the work done in lifting a 
number of weights from below the surface to the ground is the same 
as if the weights were all concentrated at their c.c. 


OBSERVATION.—The weights need not all be in the same vertical plane. The 
theorem is true in every case, but, unless the weights are in a vertical plane, the 
above proof assumes the more general theorem which we stated without proof in 
the observation on § 174. ° 


Examples.—(1) The work done in building a cylindrical tower is 
the same as would be required to lift the whole of the materials through 
4 the height of the tower. 

(2) The work done in digging a ditch of triangular section through 
earth of uniform material is the same as would be required to lift the 
total mass of earth through } the depth of the lowest point of the ditch. 


176. To find the C.G. of a uniform tetrahedron or 
pyramid on a triangular base.—We shall now show* 
that— 

(i.) The c.a. of a triangular pyramid ABCD is in the line 
joining any corner D to H, the o.a. of the opposite face. 


(ii.) It coincides with the o.a. of four equal weights 
placed at the corners A, B, C, D. 

(iii.) It divides the straight line joining any corner to the 
0.G. of the opposite face in the ratio of 3 to 1, 1.¢., at a point 
G, such that DG = 8DH and GH = <DH. 

(i.) Let F be the middle 
point of AB,H the c.a. of the 
triangle ABC. Itis required 
to show that the c.a. of the 
pyramid lies in DH. 

Divide the pyramid into 
an infinitely large number 
of infinitely thin triangular 
lamine of uniform thickness 
by drawing planes parallel 
to the face ABC, and let abe 
be one of these sections. Fig. 146. 

Join DF, cutting ab in f, and in the plane of the triangle 
DCF draw the straight lines ef, DH intersecting in h. 


* The proofs may be omitted by the beginner, but the results stated are 
important. 
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Then, since ab is parallel to AB and F is the middle 

oint of AB, therefore f is the middle point of ab (§ 167). 
Hanes ch produced bisects ab in f; therefore ch is a 
median of the triangle abc. In like manner, ah and bh 
are medians of abc. Therefore fA is the c.a. of the 
triangular lamina abc, and it lies in the ling DH. Thus 
the c.a. of each of the lamine of the pyramid is in the 
line DH; therefore that of the pyramid is also in the line DH. 

(ii.) Now let equal weights D 
w be placed at the four 
corners A,8,C,D. The c.a. 
of the weights at A, B,C is 
H; hence that of the four 
weights also lies in the line 


Similarly, if either of the 
other corners, such as A, be 
joined to X, the c.¢. of the 
opposite face, both the c.a. 
of the pyramid and that of 
of the four equal weights Fig. 146. 
at A, B, C, D must lie in the joining line AK. 

Therefore AK and DH must intersect in a point G, and 
G will be the c.c. both of the pyramid and of the four 
equal weights at A, B, C, D. 

(iii.) Now the c.c. of the four weights w at A, B, C, D is 
the same as that of w at D, and 3w at H (since H is the 
0.g. of the weights at A, B, @). Therefore G, the c.a. of 
the pyramid, is a point in DH, such that 


3GH = DG, or DG: GH =3:1, 
whence GH =13DH, DG = 2DH. 


Cor. 1. G is the middle point of the line joining the middle points 
of opposite edges of the pyramid. 

This follows at once by replacing the weights w at A, B by a single 
weight 2w at F, the middle point of AB, and the weights w at C, D by 
2w at the middle point of CD. 

Cor. 2. The lines joining the four corners of a triangular pyramid 
to the c.c.’s of the opposite faces all pass through one common point 
G, and are there divided in the ratio of 3 to 1. Also the lines joining 
the middle points of pairs of opposite edges pass through and are 
bisected at the same point. 
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177. To find the C.G. of @ pyramid on any poly- 
gonal base whatever. 


Let VY be the vertex, ABCDE 
the polygonal base of the pyra- 
mid. Let H be the c.c. of the 
base. Then shall the c.a. of the 
pyramid be a point @ on VH, 
such that 

VG = 3@GH, or GH=4VH; 
and .. V@ = 3VH. 

For divide the pyramid into 
@ number of triangular pyra- 
mids, having V for vertex and 
the triangles ABC, ACD, ADE Fig. 146. 
for bases. Let K,L,M be the 
0.a.’8 of these bases. 

Consider the triangular pyramid VABC. Its c.a. 
divides /K in the proportion of 3:1; therefore it may 
be replaced by + its weight at V and 2 its weight at K. 

Let the weights of the other triangular pyramids be 
similarly replaced. Then the weights thus placed at K, 
L, M are proportional to the volumes of the pyramids, 
and therefore to the areas of their bases (since they have 
the same altitude). Hence the c.c. of these weights is H, 
the c.a. of the area of the base. 

Therefore the whole pyramid is replaced by } its total 
weight at V and 3 its total weight at H. Therefore its 
c.g. divides VH so that VG = 3GH, as was to be proved. 





178. To find the C.G. of a cone. 

Draw any polygon circumscribing the base of the cone 
and complete the pyramid, having this polygon for base, 
and having its vertex at the vertex of the cone. This 
pyramid will circumscribe the cone, but, if the number of 
faces of the pyramid be made sufficiently great, the 
pyramid will not differ perceptibly from the cone.* 





* For fresh faces may be added by slicing off the sharp edges of the slant surface 
of the pyramid, and this process continued till the pyramid is smoothed down to 
& cone, 
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Hence what holds good for the c.a. of a pyramid must 
also hold good for the c.a. of a cone. 

Therefore the c.a. of a cone is in the line joining the 
vertex to the c.a. of the base, and at a distance from the 
latter point equal to } the distance of the vertex. 

In a right circular cone (the only kind of cone we have 
to consider) the c.a. is, of course, in the azis, at a distance 
from the base of 4 the altitude of the cone. 


179. To find the ©.G. of the slant surface of a regular 
pyramid, and of a right circular cone. 

The slant surface of the pyramid whose vertex is VY and base any 
polygon ABCDE... consists of a number of triangles VAB, VBC, VCD. 
The c.g. of each triangle is at a distance from its base equal to } the 
distance of the vertex V. 

Hence the c.a. of the whole surface is at a height above the base 
equal to 4 the altitude of the pyramid. 

And therefore, if the pyramid is regular, the c.c. must lie in its 
axis VH (which is perpendicular to and passes through H the centre of 
the base) at a point G, such that 

HG =3HV and GV = 3HV. 

If the number of faces of the pyramid be sufficiently increased, the 
slant surface of the pyramid will ultimately become the slant surface 
of a cone. 

Hence the c.g. of the slant surface of a right circular cone is on its 
axis, at a distance from the base equal to } of the altitude. 


OBsERvATIONS.—In the above investigation, the surface of the dase 
is not taken into account. If we wanted the c.a. of the whole 
surface-area, including the base, we should have to apply § 166. 

The c.a. of the slant surface of any pyramid or cone whatever is at 
a distance from the base equal to 4 the altitude; but, unless the 
pyramid or cone is symmetrical about its axis, there is no simple rule 
for finding the point where the line VG produced meets the base. 
This point is zot, in general, the c.g. of either the area or perimeter 
of the base. 


SuMMARY OF RESULTS. 


The centre of gravity of 
(1) a triangular area is the point of trisection of any 
median furthest from the corresponding vertex. 
It coincides with the c.c. of three equal particles 
placed at its vertices. (§§ 168, 169.) 
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(2) a pyramid or a right cone is in the line joining its 
vertex to the c.a. of the base at a distance from the 
base equal to 3 of the distance of the vertex from 
the base. (§§ 176-178.) 


If W, w be the weights of a body and of a portion of it, 
and if their c.a.’s are at 0 and C, the c.a. of the remaining 
portion is at a point G in CO produced through 0, such that 

w 
= 173. 
0¢=—" co (§ 178.) 

If 21, ®q, Ly ---» Yas Yar Ys --. be the distances of a series 
of weights w,, w,, w, ... from two perpendicular straight 
lines OY, OX, respectively, the distances z, y of the c.a. of 
these weights from OY, OX are given by 


oe aad os a2 a ree Wii Ws Yat oe (§ 174.) 

W, + Wet os. W, + Wy +. 
The work done in raising a number of weights is the same 
as if their total weight were collected at their c.g. (§ 175.) 





EXAMPLES XII. 


1. How would you determine the centre of gravity of a hoop that 
was not quite circular ? 


2. A uniform isosceles triangle has its two equal sides each 6 ft. long, 
and its base 8 ft. long; find its centre of gravity. If its weight be 
5 Ibs., and a weight of 10 lbs. be hung at the vertex, find the centre of 
gravity of the whole. 


8. Weights of 2 lbs., 7 lbs., 91bs., 4 lbs. are placed at the corners 


A, B, C, D, respectively, of a square, the length of whose side is 1 ft. 
Find the position of the c.g. of the weights. 


4. Weights of 3]bs., 5lbs., 2lbs., and 6lbs. are placed at the 
corners A, B, C, D, respectively, of a square, the length of whose side 
is 8ins. Find the position of the centre of gravity of the weights. 


5. ABCD is a square, 0 the point of intersection of its diagonals, 
E, F the middle points of the sides AB, AD. If the square AEOF be 
removed, find the centre of gravity of the remainder. 


6. Find the centre of gravity of the remaining portion of a parallelo- 
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gram when a triangle has been cut off from the parallelogram by a 
single straight cut. 

7. ABCD is a square; F and F are the middle points of AB, AD. 
If the triangle AEF be removed, find the centre of gravity of the 
remaining area. 

8. Assuming the rule for finding the centre of gravity of @ 
triangular pyramid, prove the rule for finding that of a pyramid 
whose.-base is a four-sided figure. 


9. Prove that if equal triangles be cut from the corners of a given 
triangle by lines parallel to the respective opposite sides the centre 
of mass of the remainder will coincide with that of the triangle. 


10. If there are two triangles on the same base and between the 
same parallels, prove that the distance between their centres of gravity 
is one-third of the distance between their vertices. 


11. ABCD is a square, O the intersection of its diagonals. If the 
triangle AOB is removed, find the centre of gravity of the remainder. 


12, If the angular points of one triangle lie at the middle points of 
the sides of another, show that the centres of gravity of the triangles 
are coincident. 


13. A cylinder of metal is 1 ft. high, 1ft. external diameter and 
1lins. internal diameter and 11 ins. deep inside. It is open at the top. 
Find the position of its centre of gravity. 


14, Determine the c.¢. of a cone and of a frustum of a cone. 


15. A corner of a square sheet of paper is doubled over to the 
middle of the square. Show that the centre of gravity of the paper is 
at a distance from the centre equal to J, of the diagonal. 


16. Find the number of foot-pounds of work required to wind up a 
given chain which hangs by one end. 


17. Find the c.c. of a circular board, from which a circular piece 
has been cut out, having as diameter a radius of the board. 


18. Prove that a triangular plate cannot stand vertically with its 
base resting on a horizontal plane if its vertex overhangs the base by 
more than the length of the base. 
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19. Three particles are situate at A, B, C. Prove that, by properly 
adjusting the ratios of their masses, their centre of gravity can be 
made to occupy any given position within the triangle ABC. 


20. Find the ratios of the masses in Question 19 when the centre 
of gravity is at the centre of the inscribed circle. 


21. A circular wire is divided into two parts by a chord. Prove 
that the distances of the centres of gravity of the parts from the centre 
of the circle ure inversely proportional to the lengths of the parts. 


22. A solid figure is formed of an upright triangular prism sur- 
mounted by a pyramid; if the length of every edge of this figure be 
a ft., find the height of its centre of gravity above the base. 


23. A square uniform plate is suspended at one of its vertices, and 
a weight equal to half that of the plate is suspended from an adjacent 
vertex of the square. Find the point where the vertical through the 
point of suspension cuts the opposite diagonal of the square. 


24. Two sides of a rectangle are double of the other two, and on 
the longer side an equilateral triangle is described. Find the centre 
of gravity of the lamina made up of the rectangle and the triangle. 


25. Masses of 1, 2, 3, 4, 5, 6, 7, 8 Ibs, respectively are placed at 
the corners of a cube ABCDEFGH, whose edge is 1 ft. and whose faces 
ABCD, EFGH are horizontal, ABCD being uppermost. How many 
ft.-lbs. of work are done in exchanging the masses at A, B,C, D 
with those at £, F, @, H? Hence find the vertical distance through 
which the common centre of gravity has been raised. 


26. A shaft, 560 ft. deep and 65 ft. in diameter, is full of water; 
how many ft.-lbs. of work are required to empty it P 


97. ABC is a plane triangle. Weights of 2 Ibs., 2 lbs., and 1 Ib. 
are placed at the vertices, and their centre of gravity @ is found. 
Then weights of 8 oz., 8 oz., and 14 oz. are placed at the same 
vertices, and their centre of gravity H isfound. Prove that G and H 
are equally distant from the centre of gravity of the triangle. 


28. Two circles of radii a, 5 touch one another internally, and the 
space between them is cut out of paper. Show that the distance of 
its c.c. from the point of contact of the circles is (a? + ab + 6°) +(a+), 
and find this distance when 4 approaches and becomes equal to a. 
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EXAMINATION PAPER V. 


1. Define the centre of a system of parallel forces, and state a 
method of finding its position when there are more than two forces. 


2. If a body be suspended from a point, prove that its centre of 
gravity is vertically below that point. 


3. Having given the c.g. of a body and that of one part, find the 
c.G. of the remainder. 


4. Prove that the centre of gravity ofa uniform triangular area 
coincides with that of three equal heavy particles placed at its angular 
points. " 


5. The centre of gravity of a quadrilateral lies in one of the 
diagonals. Prove that one of the diagonals is bisected by the other. 


6. How would you test the nature of the equilibrium of a body at 
rest ? 
Point out the advantages of three-legged and four-legged 
tables respectively. 


7. Find the centre of six like parallel forces of 3 lbs., 2 Ibs., 3 Ibs., 
41bs., 5lbs., 2 lbs. acting at points A, B, C, D, E, Fin a straight line 
such that AB, BC, CD, DE, EF equal 2, 2, 4, 4, and 3 ins. respectively. 

Where would the resultant act if the forces at D and E were in 
the opposite direction to the rest ? 


8. The lid of a cubical box of uniform thickness is turned back till 
it comes into a horizontal position. If each edge of the box measures 
12 ins., what is the position of the centre of gravity of the box P 


9. Find the centre of gravity of a uniform triangular pyramid ; 
and prove that its position coincides with that of four spheres of equal 
weight centred at the four angles of the pyramid. 


10. The triangle formed by joining the middle points of the sides 
of a given triangle is removed. Find the position of the centre of 
gravity of the remainder. 


CHAPTER XIII. 


BALANCES. 


180. In this chapter we shall describe the various 
contrivances by which bodies are usually weighed. 
Remembering that weight is proportional to mags, we 
observe that the operation of weighing by balancing a 
body with known weights affords in every case a correct 
measure of the mass or quantity of matter in the body in 
pounds or grammes or other chosen units, and that the 
observed weight is independent of any local variations in 
the intensity of gravity (Dynamies, Chap. VIII.). 


181. The common balance (see Fig. 147, p. 192) con- 
sists essentially of a beam or 'ever AB fixed so that it can 
turn about a fulcrum 0 placed a little above its middle 
point. From its ends are suspended two scale pans; the 
goods to be weighed are placed in one of these, and are 
balanced by placing suitable weights in the other, till the 
beam assumes a horizontal position. 

In delicately constructed balances, the fulcrum and 
points of suspension consist of wedge-shaped pieces of 
hard steel (called ‘‘ knife blades ’’), whose edges rest on 
hard plates of steel. 


The requisites of a good balance are that it be 
‘i.) txue, (ii.) stable, (ili.) sensitive, (iv.) rigid. 
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182. Conditions to be satisfied by a true balance.— 
A balance is said to be true if the beam assumes a hori- 
zontal position when equal weights are placed in the two 
scale pans. This requires that— 





i a Ss 


Fig. 147. 


(i.) The two arms of the beam must be of equal length, 
that is, AO = BO, or the fulcrum 0 must be in a line HO, 
bisecting at right angles the line AB, which joins the 
points of suspension of the two scale pans. 


(ii.) The scale pans must be of equal weight. 


(iui.) The c.a. of the beam must be vertically under the 
fulcrum when the beam is horizontal, and therefore also 
in HO. 


When these conditions are satisfied, equal weights 
placed anywhere whatever in the scale pans will balance 
each other with the beam horizontal. 


For, since the scale pans hang freely from the beam at A and B, they 
will assume positions in which the c,c. of each pan and its contents is 


BALANCKS. 193 


vertically below its points of suspension.* Hence the total weights of 
the pans and their contents always act vertically through A, B (Fig. 
148, p. 194). These weights are equal; therefore their resultant acts at 
H, the middle point of AB. Also the weight of the beam acts at G, its 
c.g. But when the boam is horizontal, G, H are both vertically below 
the fulcrum 0. Hence the resultant forces at G, H have no moment 
about 0, and the beam is in equilibrium. 


183. Conditions that the balance may be stable.— 
A balance is said to be stable if-the beam tends of its 
own accord to fall into its equilibrium position. A 
balance would evidently be useless for weighing if its 
equilibrium position were wnstable or even neutral (§ 160). 

A balance is said to be more or less stable according to 
the comparative readiness or reluctance of the beam to 
assume its equilibrium position 

Stability is secured by placing 0, the fulerum of the 
heam, a little above the points G, H, at which the resultant 
weights of the beam and the two pans act respectively. 


For, if the beam be slightly inclined (Fig. 148), the equal weights of 
the two loaded scale pans still act at A, B, and their resultant therefore 
still acts at H+. And the moments about 0 of this resultant at H, and 
the weight of the beam at G, both tend to restore equilibrium by 
bringing the beam back to its hérizontal position. 

If the fulcrum @ is only at a very little height above @G, H, the 
moment tending to restore oquilibrium will be very small, and the 
balance will oscillate for a long time before coming to rest, and will 
therefore possess very little stability. If goods have to be weighed 
quickly, the stability may be increased by increasing the hvight of the 
fulcrum 0, thercby increasing the moment about O for any inclination 
of the beam. This, however, diminishes the sensitiven ss of the 
balance, as we shall now explain. 


#. — -_—- eS 


* If one of the weights (Q, Fig. 147) is placed a little on one side in the seale pan 
instead of in the middle, the pan will swing itself a little to the other side su as to 
bring its c.a, vertically below the point of support 8B. The student should verify 
this by experiment. 

+ The point H is not the c.c. of the scale pans and their contents, but is the 
Seta of parallel forces for their weights acting at A, 8. It may or may not cvincide 
w 
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184. Conditions that the balance may be sensitive. 
—It is not sufficient that a balance should show when the 
weights in the scale pans are equal. It must also indicate 
when they are unequal by the beam assuming a non- 
horizontal position. This is expressed by saying that the 
balance must be sensitive (or, as some writers call it, 
“sensible’’). In a sensitive balance, a small additional 
weight placed in one scale pan should turn the beam 
through a perceptible angle, and the smallest weight 
which suffices to do this affords a measure of the sensi- 
tiveness and of the degree of accuracy attainable in 
weighing. 


Thus a good chemical balance will indicate differences 
of weight down to tenths of a milligramme. 


In order to enable the smallest deflection to be observed 
with great accuracy, the beam carries a vertical index or 
pointer /, which moves in front of a fixed graduated 
scale S. 


Sensitiveness may be secured at the expense of stability 
by reducing the height of the fulerum 0, and by 
lengthening the arms. 


For let @ be the length of 
the arms AH, HB, Q the weight 
of each scale-pan and its con- 
tents, VV that of the beam. 

Let a small additional weight 
w be placed in the scale-pan at 
A. The moment of this weight 
about O is initially «a, and it 
turns the beam out of the hori- 
zontal position untilit is balanced 
by the moment of the original Fig. 148. 
wCights (i.c., WV at G and 2 at 
H), tending in the oppositedirection. Hencethe greater the scnsitiveness, 
the smaller must be the moment tending to restore equilibrium when 
w is removed, and the smaller therefore the stability of the halance. 

By increasing the arm a, we may obtain the same moment with a 
smaller weight w, and thus increase the sensitiveness, whilst, according 
to the last article, the stability would be unaltered, since it depends 
only on the heights GO, HO. Practically, however, the effect of 
lengthening the arms is to make the beam oscillate for a longer time 
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before coming to rest ; hence it is impossible to attain rapid weighing 
with a highly sensitive chemical balance. 

In a balance so constructed that G, H coincided with the fulcrum 0, 
the beam would be in neutral equilibrium in any position with equal 
weights in the scale pans, but the slightest inequality in the weights 
would turn the beam right over. Such a balance would be highly 
sensitive, but would have no stability, and would therefore be prac- 
tically useless. 


185. Rigidity. — The balance must have a beam 
sufficiently strong not to bend under the weights which 
it has to carry. For this purpose a short thick beam 
would be preferable to a long thin one, but it would of 
course be less sensitive. ‘To secure the greatest strength 
consistent with lightness, the beam is usually made in the 
form shown in Fig. 147. 


186. False balances.—Double weighing.—A balance 
will evidently be false if— 
(i.) The arms are of unequal length. 
(i1.) The scale pans are of unequal weight. 
(iii.) The beam is improperly balanced. 

The method of double weighing will always give the 
correct weight of a body, however false the balance used. 
The process is as follows: — Place the body in one scale 
pan and balance it with suitable counterpoises (e.g., small 
shot or fine sand) placed in the opposite pan. Now 
remove the body and replace it by weights sufficient to 
balance the counterpoises, and to bring the beam to the 
Same position as before. These weights are evidently 
equal to the required weight of the body, for they act 
under exactly the same circumstances and produce exactly 
the same effect. 


187. To test the trueness of a balance, a body is 
weighed first in one scale pan and then in the other. If 
the two observed weights are equal, the balance is true, 
and each is equal to the truce weight of the body. If not, 
the balance is false, and we have the following cases to 
consider :— 
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Cast 1. When the arms are of unequal length, but 
the weights of the scale pans balance one another with 
the beam horizontal. 

Let a, b be the lengths of the arms. Let W be the true 
weight of a body, P, Q the weights required to balance it 
when it is weighed first in one scale pan and then in the 
other. Then, by taking moments about the fulcrum, 


we have WP XG chai tives arenes 
and W x0 = 0 XG: ceomeisinnn ds wl) 
By multiplication, W*ab = PQab, or 
W? = PQ. 
Therefore W = AS (PQ) cctsetesiccvesse D5 


that is, the true weight 1s the geometric mean* between the 
observed weights. 


The moments of the weights of the beam and scale pan do not come 
into the above equations, because they balance one another in the 
horizontal position of the beam. 

To compare the lengths of the two arms, we have, by (i.), (ii.), 


eat Lema 
Ro oe 
sien LG aie a i) 
therefore 33 Wo @? or ; v | gq)" 


giving the ratio a/b. When this is known, the true weight of any 
body may be found by weighing once and multiplying the observed 
weight by a/d or b/a, according to which arm the body is suspended 
from. 

When the inequality of the arms is small (as is the case in all actual 
balances) it is sufficiently accurate for all practical purposes to take as 
the true weight the arithmetic mean 4 (P+ Q) instcad of the geometric 
mean /(PQ), which would be hardcr to calculate. 


Examples.—(1) The arms of a balanccare in the proportion of 9 : 10. 
Sugar is weighed out against 1-lb. weight, placed first in one scale 
pan and then in the other. To find the total true weight of the sugar. 


Since the two portions of sugar balance the 4-lb. weight in the two 
pans, their actual weights are 4x 8, and 4x+2lb.; therefore true 


weight of sugar = 4 (9+ 3) = 184 = 1,4, lbs. 
(2) The observed weights of a body when weighed first in one scale 
pan and then in the other are 101 Ibs. and 99 lbs. Ifthe discrepancy 


* J(PQ) is called the geometric mean between P and Q. 
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is due to the unequal length of the arms of the balance, find the 
error which would be made in taking the true weight to be 100 lbs. 


The true weight = /(99 x 101) = ./9999 lbs. 
By calculation, 4/9999 = 99-995 = 100—-0085. 


Hence, by taking the arithmetic mcan of the two weights, viz., 
100 Ibs., as the true weight, we should only make an error of 
005 lb., or 34, per cent. of the whole, whereas, if we wore to take 
either of the observed weights 101 or 99 lbs., we should make an 
error of 11b., or 1 per cent. 


188. Case 2. When the scale pans are of unequal 
weight, but the arms are of equal length. 

This often happens in old balances on account of the 
greater wear and tear of the pan with the larger surface. 
It is sometimes corrected by fastening a piece of lead 
below the lighter pan, cr filing down the heavier pan. If 
this is not done, the beam will not be horizontal when the 
pans are empty, so that the error may be easily detected. 


Let p, g be the weights of the two pans, P, Q the weights which, when 
placed in them, respectively, will balance a body whose truc weight is ¥. 
Then, since the total weights on the two sides of the beam are 


equal, . Ptp= W+q, 
W+p=Q+q; 
- P—-W=W—-Q or 2W= P+Q; 
W = 4(P+Q) ; 


that is, the truc weight is the arithmetic mean of the observed weights. 


189. Casze 3. When the C.G. of the beam is a little on 
one side, this also will throw the beam slightly out of the horizontal, 
and the cffect will be the same as that produced by a slight inequality 
in the weights of the pans, from which, however, it may be distin- 
guished by interchanging the two pans. It is corrected by filing the 
beam away on the heavier side till it balances horizontally. As in 
Case 2, the arithmetic mean of the two weighings gives the correct 
weight. 

It follows that the eorrect weight of a body is always the arithmetie 
mean of its apparent weights in the two scale pans except when the 
inequality in the arms of the balance is considerable, [But even in this 
exceptional case the method of double weighing of § 186 is correct. } 
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190. Roberval’s Balance. 
—This is a letter-balance in 
which the scale pans are 
hinged to two levers AEB, 
CFD, which turn about their 
middle points £, F. When 
the balance is slightly dis- 
placed, one of the platforms 
goes up and the other goes 
down through exactly the 
same distance, and the platforms always continue to remain 
horizontal. Hence, if equal weights P, Q are placed 
anywhere on the pans, the works done by them in rising 
and falling will be equal and opposite, and will be the same, 
no matter whereabouts on the pans P, Q be placed. 
Therefore, by the Principle of Work, equal weights will 
balance one another whatever be their positions, although 
one may be nearer the fulcrums F, F than the other. 





Fig. 148. 


191. The common or Roman steelyard consists of a 
beam (AB, Fig. 150) moveable about a fulcrum or knife 
blade @ fixed near one end B. From 8 is suspended the 
scale pan containing the body to be weighed, and a 
moveable weight is slid along the arm CA until the beam 
balances horizontally. The arm is graduated in such a 
way that the reading P, at which the weight rests, 
indicates the required weight of the body. 


192. To graduate the common steelyard.— Let P 
denote the moveable weight. First Jet the scale pan be 
empty, and let 0 be the position of the weight P when 
the beam balances horizontally about C. Then the point 
O must be marked 0 (zero). We notice that the shorter 
arm CB and scale pan at B must be heavy enough for 
their moments about @ to balance those of the weight of 
the longer arm CA, and of P acting at 0. 

Now let a weight W be placed in the scale pan. This 
weight acts on the beam at B, hence its moment about C 
is WxBC. To balance this added moment, we must 
increase the moment of P by an equal and opposite 
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amount by moving it further away from the fuleram. 
Thus, if P'be the new position of P, its moment about C 
is increased by PxC@P—Px@O, that is, by PxOP. 





Fig. 150. 
Equating the added moments of P, W about C, we have 
therefore PxOP= Wx 8G, 
aM 
or OP = Pp x BC. 


Now let / denote the position of P when the unit of 
weight (say 1 lb.) is placed in the scale pan. Putting 


i Tews have Ol = + BC. 


Therefore OP=W.Ol. 
Hence, if W = 2 units, OP = 20/; 
if W = 3 units, OP = 30/; 
if W=iunit, 0P=320/; 
‘and soon. We therefore have the following rule :— 


Find, by actual trial, the points 0, / at which P must be 
placed when the scale pan is empty and when it contains the 
unit of weight, respectively. From O measure off on OA 
successive multiples and submultiples of the length Ol. Their 
eatremitves will be the points of graduation for the corre- 
sponding multiples and submultiples of the unit of weight. 


193. Modifications of the common steelyard.— Weighing 
machines. 

In order to use the common steelyard for widely differing weights, 
it would be necessary either to make the arm very long, or to bring 
the graduations very close together: in one case tha beam would be 
liable to bend ; in the other it would lose much of its sensitiveness. 
For this reason most steelyards (such as the common weighbridge or 
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weighing machine of railway stations) carry a scale pan attached to 
the longer arm at A, and larger weights (e¢.g., 28 Ibs., 56 Ibs., 1 cwt., 
&c.) are measured by a set of weights placed in this scale, smaller 
weights only (¢.g., 0 to 28 lbs.) being read off on the arm by the 
sliding weight. And, since the arm CA is many times longer than 
CB, each of the weights used in the scale at A is marked to represent 
a weight many times larger than itself. Thus heavy goods can be 
weighed by means of weights that are quite handy to lift. 

This mechanical advantage is further increased in most weighing 
machines by means of levers placed underneath the platform carrying 
the goods. 

In a chemical balance, small weights (milligrammes) arc measured 
by a ‘‘ rider ’’ moved along the beam like the moveable weight in a 
steelyard. 


*194, The Danish steelyard (not used in this country) 
has no moveable weight, but the fulcrum itself is move- 
able, and generally consists of a loop of string from which 
the beam hangs. The end A of the beam is loaded, so 
that when the scale is empty it balances abont a point 0 
very near that end. 0 is therefore the point at which the 
resultant weight of the beam and scale acts. 

If now a series of 
weights of 1 Ib., 2 Ibs., 


3 lbs., &e., be placed in) g-—+7-— ? 
stccession in the scale, S43 2 '¢ Al 

the fulcrum will have to M 

be moved nearer and cE 


nearer towards the end 

B, for the greater the w 

weight at B, the nearer Fig. 151. 

must the balancing point 

be to 8. By marking on the beam BA the successive 
points about which it balances, the steelyard will be 
graduated in Ibs., and similarly it may be graduated in 
grammes or for any other set of weights. 


*195. To find a mathematical formula for the positions 
of the graduations. 
[In examination papers the favourite question ‘‘ Show how to 
duate the Danish steelyard ”’ refers to the following mathematical 
dormaila. although, practically, the graduations can be found much 
more easily by actual trial, as explained above. ] 
Let W be the weight placed in the scale pan at B, and let P be the 
whole weight of the beam and scale pan acting at 0. Then, in order 
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to balance, the fulcrum will have to be moved from @ to a point C, 
such that the moments about C of P at 0 and W at B are equal and 


opposite, or Wx BC = Px C0. 


The graduations on the Danish steelyard are not equidistant. Sup- 
posing W to be » times P, we have 


nBC = CO; 
BO = BC+CO = (n+1) BC, 


or sc = }..Bo. 
Nu+1 

Putting » = 1, 2, 3, we see that the distances BC corresponding to 
weights P, 2P, 3P... are respectively 3, 4,3... of BO. It readily 
follows that the distances between the graduations grow less and less 
towards the end B. 

(The numbers 1], 4, 4, 3}... are the reciprocals of 1, 2, 3, 4..., and the latter 
numbers are in arithmetical progression. Now a series of the reciprocals of 
numbers in arithmetical proee usin is called a harmonic progression. 


Hence the distances of the successive graduations from 8 are in harmonic 
progression. ] 


196. The bent lever balance commonly used for weighing 
letters and small parcels consists essentially of a bent lever (usually 
cut out of a sheet of metal), whose arms include rather more than a 
right angle. The longcr arm is so heavy as to rest nearly vertically 
in the position of equilibrium, but when a letter or parcel is suspended 
from the shorter arm, the moment of its weight turns the lever round. 
The inclination of the longer arm to the vertical in its new position of 
equilibrium determines the weight of the latter, and is read off by 
means of a pointer in front of a graduated scale arranged in various 
ways with which the reader is doubtless familiar. Unlike the other 
balances here described, the bent lever balance falls into its equilibrium 
position of its own accord without any adjustment of weights, &c., so 
that letters can be weighed very rapidly by it. A mathematical 
formula for the positions of the graduations can be obtained, but prac- 
tically they are found by trial. 


SuMMARY OF RESULTS. 
The requisites of a good balance are that it should be 
(1) true, i.e., the beam should be horizontal when loaded 
with equal weights. 

Conditions.—Equal arms, scale-pans of equal 
weight, beam properly balanced. (§ 182.) 
(2) stable, t.e., the beam should return to its equilibrium 

position when displaced. 
Conditions.—c.@. and middle point of beam below 
knife blade. (§ 183.) 


ST4T, P 
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(3) sensitive, z.e., the beam sensibly deflected when weights 
slightly unequal. 
Conditions —Height of knife blade small, arms 


long. (§ 184.) 

(4) rigid, t.e., beam not bent by weights. (§ 185.) 
With a false balance the true weight of a body may be 
found by double weighing. (§ 186.) 


If the arms are unequal, W, the true weight, is the 
geometric mean of P, Q, the observed weights in the two 
pans, 1.e., W= /(PQ). (§ 187.) 

If the scale pans are of unequal weight, the true weight 
is the arithmetic mean of the observed weights, 1.e., 

W = i (P+Q). (§ 188.) 

In the common steelyard, » weight is moveable along 
the beam; graduations equidistant. (§§ 191, 192.) 

In the Danish steelyard, the fulcrum is moveable, the 
weights fixed. (§ 194.) 


EXAMPLES XIII. 


1. Describe some form of weighing-machine, and explain carefully 
why the indication of the machine does not depend on the position of 
the body to be weighed on the platform. 

2. A balance consists of a uniform rod, of length 18 ins., and 
weight = 3 lb., the fulcrum being } in. to one side of the c.a. of the 
rod. If 1b. be in the scale attached to the shorter arm, find how 
much tea a customer has weighed out to him in the other scale. 

3. In a steelyard the distance of the fulcrum from the point of sus- 
pension of the weight is 1 in. and the moveable weight is 60z. To 
weigh 15 lbs. the moveable weight must be placed 8 ins. from the 
fulcrum. Where must it be placed to weigh 24 Ibs. ? 

4. The arms of a balance are 7 ins. and 8 ins. respectively. A body 
when suspended successively at the two extremities appears to weigh 
41bs. and 51} lbs. Is the beam of the balance uniform ? 


5. Can the steelyard be employed to determine whether or not the 
weight of a body is the same in different places ? 


6. If a Danish steelyard weighs 6 lbs., and if to weigh 15 lbs. the 
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fulcrum must be placed 3 ins, from the point of suspension of the 
weight, where must it be placed in order to weigh 7 Ibs. P 


7. A uniform rod 2ft. long and weighing 3 Ibs. is to be used as a steel- 
yard. The fulcrum is 2 ins, from one cnd of the rod, and the sliding 
weight is llb. Find the greatest and the least weights which can be 
determined by this machine; and also where the sliding weight must 
be placed to indicate a weight of 20 lbs. 


8. Write down the weights of a set of five weights capable of 
weighing any exact number of pounds from 1 to 81 Ibs., (i.) if no 
weights are placed in the scale pan containing the goods, (ii.) if 
weights are placed in either scale pan. 


9. A shopman using # common steelyard alters the moveable weight 
for which it has been graduated. Determine whether he cheats 
himself or his customers. 

10, A balance has a weight attached to its beam below tho centre of 
gravity. Is the sensibility of the balance greater when the weight is 
hung freely by a string, or when it is rigidly attached to the balance ? 

11. A Danish steelyard has the loop forming the fulcrum removed, 
and it is hung from a peg by two strings attached to the end of its 
bar. If a plumb-line be hung from the same peg, prove that the 
graduation on the bar which falls opposite the plumb-line will 
indicate the correct weight of a body placed in the scale-pan. 

12. A spring-balance hangs from the shorter arm of a lever, and in 
weighing goods, the scale pan is raised from off the ground by pulling 
down the longer arm of the lever and thus lifting the balance. A 
person stands in the scale pan and pulls himself up in this way, and 
the balance indicates a weight of 8 stone. If the arms of the lever 
are 6 ins. and 2 ft. long respectively, find the man’s true weight. 

13. It is desired to change the moveable weight, 2 0z., of a steel- 
yard for one of 1lb. Show that there will be no necessity t» alter the 
graduations, provided a weight equal to 7 times the weight of the ateel- 
yard is suspended at its centro of gravity. 

14. There are no graduations on a certain Danish steelyard, and its 
weight is not known; but, by hanging up from the end A, weights 
Pibs. and Q lbs. in succession, it is found that the corresponding 
distances of the fulcrum from A are a and J ins. respectively. Find 
the position of the centre of gravity of the instrument, and show that its 
weight is (bQ—aP)](4—6) lbs. 
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EXAMINATION PAPER VI. 


1, Explain why in a common scale pan or letter balance it does not 
matter whereabouts on the pan the weights are placed ; although they 
may be sometimes near, and sometimes further off, the fulcrum. 


2. Describe the common steelyard, and show how to graduate it, 
and that the graduations are equidistant. What advantage is gained 
by the use of a steelyard ? 


8. Describe the Danish steelyard with fixed counterpoises, and 
show that the distances between the points of graduation on the load 
arm form a harmonical progression. 


4, Explain the method of double weighing in a balance, and show 
that any inequality in the arms of the balance will not affect the 
accuracy of the result obtained. 


5. A steelyard is correctly graduated when new; but, by the 
wearing away of the rod, the weight of the rod and the position of its 
centre of gravity are slightly changed. It is found that a body 
appearing to weigh 2 lbs. in reality weighs 2lbs. andgzoz. Find the 
true weight of a body appearing to weigh 10 Ibs. 


6, Find an expression for the whole amount of work done in raising 
several weights through different heights. 


7. A uniform beam weighs 1000 Ibs. and is 20ft. long. It hangs 
by one end, round which it can turn freely. How many foot-pounds 
of work must be done to raise it from its lowest to its highest position ? 


8. A thread 9 ft. long has its ends fastened to the ends of a weight- 
less rod 6 ft. long. The rod is supported in such a manner as to be 
capable of turning freely round a point 2ft. from one end. A weight 
is placed on the thread, like a bead on a string. Give a diagram 
showing the position in which the rod will come to rest. 


9. Find the centre of gravity of equal masses placed at each of five 
of the corners of a regular hexagon. 


10. Two equal heavy spheres of 1 in. radius are in equilibrium 
within a smooth spherical cup of 3 ins. radius. Show that the thrust 
between the cup and one of the spheres is double the thrust between 
the two spheres. 


CHAPTER 


ON TRIGONOMETRY AND MENSURATION. 


l. Trigonometry is that branch of mathematics which deals with 
angles. 


2. The units of angular measure are the subdivisions ofa right 
angle defined as follows :— 


1 right angle = 90 degrees, denoted by 90°; 
1 degree or 1° = 60 minutes, denoted by 60’ ; 
1 minute or 1’= 60 seconds, denoted by 60”. 


3. Particular right-angled triangles. 


By Euc. I. 47, AB? + BC? = AC?, where ZABC = 90°. 
C 
Pil 

py & 

is) 

QQ 

ie 
A base. & 
Fig. 1. 


Thus the numbers 3, 4, 5, or their multiples (e.7., 6, 8, 10), are 
proportional to the sides ofa right-angled triangle, for 9+16 = 25, i.e. 
327+ 4? = 62. These numbers should be remembered. Another such 
set is 5, 12, 13, for 62 = 26x 1 = (13412) (13—12) = 13?—12%, and 
, 56274122 = 137, 

STAT. QO 
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4, The trigonometrical ratios of an angle. 


If AX be a fixed straight line, and we imagine a straight line AC, 
initially coincident with and equal to AX, to revolve round A in the 
direction indicated by the arrow, i.e. counter-clockwise, it coincides 
with AY when it has turned through 90° and is perpendicular to AX, 





Fig. 2. 


with AX’ in AX produced when it has turned through 180°, with AY’ 
in AY produced when it has turned through 270°, and again with AX 
when it has turned through 360°. Thus the point C traces out the 
circumference of a circle, and the line AC traces out angles from 0° 
onwards. 

Draw CB perpendicular to AX or AX produced. 

Then in every position of the point C, 

BC, the side of A ABC opposite to the Z at A, is termed the perpen- 
dicular of Z BAC; 

AB, the side of A ABC adjacent to the Z at A, is termed the dase ; 

and AC, the hypotenuse of A ABC, is termed the hypotenuse. 

If .4 be the measure of Z BAC, the trigonometrical ratios are defined 
as follows :— 
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the ratio a or Perpendicular { is aa gies of the angle4 } ain 4; 


hypotenuse the (and is written 
ae ae Ieee cosine ; 
99 9 AC ” hypotenuse 99 ” 9? COB A; 
BC dicul 
” ”» AB 9 an = ” tangent 9 » tana. 


5. The order of the letters is important, especially when the lines 
represent velocities or forces. Thus sinBAC must be written 
= BC+AC and not = CB ~ AC. 


6. If C be between X and Y, Z XAC is said to be in the Ist quidrant ; 


99 99 Y ” x’ 99 39 99 2nd 99 
99 9) x’ 99 y’ 99 99 99 érd 99 
99 99 y’ 29 x 39 99 29 4th PB] 


(. Positive and negative trigonometrical ratios. 


The line AB when measured in the direction AX is considered posi- 
tive ; when in direction AX’ it is considered negative. In the same 
manner the line BC when measured in direction AY is positive, and 
when in direction AY’ negative. 

The hypotenuse AC is considered positive in all positions. 

Thus AB is positive in the first and fourth quadrants, and is nega- 
tive in the second and third quadrants; BC is positive in the first and 
second quadrants and negative in the third and fourth quadrants. 

Therefore angles between O° and 90° have their 
sine positive (+), cosine positive (+), tangent positive (+), 
and angles between 90° and 180° have their 
sine positive (+), cosine negative (—), tangent negative (—). 


8. To find the trigonometrical ratios of an angle of 45°, 
Draw a square ABCD, and draw the diagonal AC. (The student 
can supply the figure.) 


Then ZBAC = half a right angle = 45°, 
LCBA = aright angle = 90°; 
AC? = AB? + BC?. (Euc, I. 47.) 


Also AB = BC; 
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AC? = 2AB? = = 280"; 
. AC = JS2.AB = V2. BC; 
BC 1 o 1 3° 
.. Oe ees ee Oe gt an = =, ft 45° = — a 
sin 45 AG v2’ cos 45 AC V2 an 4B . 
CoroLiary.—If the angles of a triangle be 45°, 45°. and 90°, the 


sides are proportional to 1, 1, and 2. 


9. To find the trigonometrical ratios for an angle of 30°. 

Draw an equilateral triangle ABC. Join A to D, the middle point 
of BC. Then the triangles ABD, ACD are equal in every respect. 

But the three angles of an equilateral triangle are all equal, and 
are together = two right angles = 180°; therefore each = 60°. 


ove DBA = 60° ; 


LDAB = 30°. 
Also LADB = LADC = 90°; 
AB? = AD?+ DB. (Euc. I. 47). Zi 
But AB = CB = 2DB; Fig. 3 
4DB? = AD?+DB? or AD* = 3DB?; 
AD = /3.DB; 
. sin 30° = -3 = :, cos30° = a = NS, tan30° = ae a 


Corotuany.—If the angles of a triangle be 30°, 60°, and 90°, the 
sides opposite these angles are proportional to 1, /3, and 2. 


10. To find the trigonometrical ratios for an angle of 60". 
Take the figure of §9. Then Z2CBA = 60°. Therefore 


sin 60° — ae NS cos 60° = ae pee tan 60° = 49 _ 


AB 2° AB 2 "BD = 73. 


11. To find the trigonometrical ratios of an angle of 0°. 
If the angle BAC is zero, AC will coincide with AB, and C with B, 





and the perpendicular BC will vanish. C 
*. AB=AC and BC=0; A B 
Fig. 4. 
: o _ BC o _ AB BC 
- sinO=— = = Pm 2 ae 
AC 0, cos O° = = 40 1, tanO AB O. 
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12, To find the trigonometrical ratios of an angle of 90°. 


Let DAC = a right angle = 90°. Then, if C 
CB is drawn perpendicular on AD, CB will 
_ coincide with CA, and B with A ; 


“. BO =AC and AB=0; 
o , BC _ ea oo = 
sin 90 1, cos 90 4G O, 


AC 
tan 90° = 2 = = a, ae 2 


A 0 Fig. 5. 
where o stands for ‘“infinity.”’ For, if BC =a, wo shall find that 
0 will divide into a any number of times and still leave a remainder a; 
hence a + 0 must be greater than any number however great, and we 
write this fact thus: a+ 0 = o. 

[It is also useful to observe that a+ o = 0 unless a = o. 


AB 


13. Table.—The trigonometrical ratios for the above angles arc 
given in the following table, which should be remembered. 
Angle 0° 30° 45° 60° 90° 


sin = 
cos = 


tan = 





If there be any difficulty in fixing these in the memory, it may be 
noticed that, for the common angles, 0°, 30°, 45°, 60°, 90°, the sines 
are the square roots of 

o 12 38 4, 

4’ 4° 4’ 4° 4? 
the cosines are the square roots of 

43 210 

4’ 47 47 4’ 4 
and the tangents are the square roots of the first series of numerators 
divided by the corresponding numerators of the second series. 

Note that the series of values of the cosines is the same as the 
series for sines written backwards; and each tangent is the corre- 


sponding sine + cosine. 


° 
’ 
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14. Fo prove that Sond = tan A. 


i = _ BC. AB _ BC AC _ BC _ 
sin 4+c0a A = 77, * AC 4c * AB AB tan A. 


15. To prove that (sin 4)*+(cos 4)? = 1. 
By Euc. I. 47, AC? = AB? +BC?; 
= AG AB , BO? _ (AB), (BC)* ain ay 
1 AC AC? * AC? AC + (3 = (sin 4)* + (cos 4)?. 
This is written sin’ 4-+cos? 4 = 1. 


16. The trigonometrical ratios depend only on the angle 
and not on the size of the right-angled triangle constructed in ee 
them. Thus sin 30° = }, and this tells us that in any right-angl 
triangle having an angle of 30°, the perpendicular is 4 the hypotenuse. 
The same thing is illustrated by tho other trigonometrical ratios 
tabulated in § 13, and it can be proved generally for any angle by 
means of Euc. VI. 4. 


17. The angle 180°— 4 is called the supplement of the angle a. 
Let ZBAC = A. Produce BA to B’, and make 2B’AC’ = ZBAC. 
Then Z BAC’ = 180°— 4 
= supplementof/. c! Cc 
Take AC’ = AC, 
and drop the perpendiculars CB, 


C’B’. 
Then the triangles BAC, B’AC’ x BA BX 
are equal in all respects, and AB, Fig. 6. 


AB’ are in opposite directions ; 
B’C’ = BC, and AB’ = —AB; 


Bao OM Sac: 7 8C_ BC _ 
sin (180°—.4) = sin BAC’ = AC’ AC sin 4, 
ee , AB _ _ AB __ 
cos (180°— 4) = cos BAC AC’ v7, ae cos A, 
tan (180°—4) = tan BAC’ = 2C ~ BC. _tana. 


AB —AB 
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Hence = sin 120° = sin (180°—60°) = sin 60° = 3/3, 
and cos 120° = cos (180°— 60°) = —cos 60° = —}. 

Similarly the sine, cosine, and tangent of 135°(= 180°—46°), 
150° (= 180°— 30°), and 180°(= 180°—0°) can be found. 


18. Combining these results with those of § 13, we may extend our 
table as follows :— 
Angles ; 

0°, 30°, 46°, 60°, 90°, 120°, 135% 150°, 180° 


sine 


Vovivevi vt ve vb vie vo 


cosine 


Vivi Vivi vi-vi-vi-vievt 


It is, however, better not to remember the ratios of angles between 
90° and 180°, but to obtain thom when required, from the ratios of 
their supplements, by the formule of § 17. 


19. If the angles of a triangle be 30°, 30°, and 120°, the sides are 
proportional to 1, 1, and 4/3. 


Let ABC be the triangle, D the middle point of the longest side BC. 


B D C 
Fig. 7. 
Then AD is perpendicular to BC. Hence 
ZADB =90°, and ZABD = 30° 
BD =3/3.BA (§9, Cor.); 
BC = 2BD = V3.BA. 
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20. Results in Mensuration. 


The following facts in Solid Geometry and Mensuration are 
assumed. The references given below are to the articles in Briggs 
and Edmondson’s Mensuration of the Simpler Figures, where the 
reader will find the properties in question fully proved. Proofs of 
them are also given in most elementary treatises on Solid Geometry. 
The resuits alone need be remembered :— 


(1) The area of a triangle 
= z (base) x (altitude). (§ 45.) 


(2) The area of a trapezoid (i.c. a quadrilateral with two 
sides parallel) = (its height) x (} sum of parallel sides). (§ 49.) 


(3) The length of the circumference of a circle of radius r 

= 7 x (diameter) 
= 2rr; (§ 57.) 
where the Greek letter r (‘‘ pi”) stands for a certain ‘‘incommensur- 
able’? number (that is, a number which cannot be expressed as an 
exact arithmetical fraction), whose value lies between 3°141592 and 


3°141593. The following approximate values should be remembered 
and used, unless otherwise stated. 


T= > for all rough calculations; 
nw = 3°1416, more approximately. 


(4) The area of the circle 
= 
2 


= 


(radius) x (circumference) 


% 


(§ 58.) 
(5) The volume of a pyramid 
= = (height) x (area of base) 


1 
my ha. (§ 106.) 


the height h being the perpendicular from the vertex on the plane of 
the base, and .4 the area of the base. 


TRIGONOMETRY AND MENSURATION. 218 


(6) The area of the curved surface of a cylinder, whose 
height is & and the radius of whose base is », 


= (height) x (circumference of base) 
= 20rh, (§ 116.) 


(7) The volume of the cylinder 
= (height) x (area of base) 
= trh, (§ 116.) 


(8) The area of the curved surface of a right circular 
cone, whose height is & and the radius of whose base is r, 


= = (circumference of base) x (length of slant side) 


= wry (h?-+r’) ; (§ 117.) 
a slant side being a line drawn from the vertex to a point in the 
circumference of the base. 


(9) The volume of the cone 


== (vol. of cylinder of same base and height) 
-+ wr-h. (§ 118.) 


(10) The area of the surface of a sphere of radius r 
= 4 times area of circle of same radius 


= énrr’, (§ 126.) 
(11) The volume of the sphere 


- = (radius) x (surface) 


= . ae (§§ 127, 128.) 
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Exampres I. (Paces 19, 20.) 


1. About 1 ¢ lbs. wt. 2. 16 Ibs. 3. 10 Ibs. and 15 Ibs. 
4. (i.) 8AP, where P divides BC, so that 3BP = 5CP. 
(ii.) 5PA, where P divides BC, so that 2BP = 3CP. 
(iii.) 2AP, where BC is produced to P, and 2CP = BC. 
(iv.) PA, where BC is produced to P, and CP = 4BC. 
(v.) 9AP, where BC is produced to P, and 2BC = 9CP. 
(vi.) PA, where BC is produced to P, and CP = 88C. 
5. 13 lbs. wt. 6. /3P, at right angles to 2P between 2P and 3P. 
7. See § 19; 24/2 in a north-easterly direction. 8. 90°. 
10. Zero. 11. In P, where (w—*) BP = (k—) CP 
12. Draw AF parallel to ED to mect BD in F. 


Exampres II. (Pages 35, 36.) 


AZ. (i.) 2/3 Ibs. ; 2 Ibs. (ii.) 8 0z.; 8 oz. 
(iii.) 5 Kilog.; 5/ 3kilog. (iv.) 0; 3 tons. 
(v.) —6 grs.; 64/3 grs. (vi.) —§/2 Ibs. ; §+/2 Ibs. 


(vii.) —4/3 cwt.; 4 cwt. (viii.) —4 mgm.; 0. 
(ix.) 6 stone; 0. 
2. 105 Ibs. ; inclined to vertical at an angle whose cusine is 2/4/5. 


3. (i.) 1 Ib. along each. (ii.) 3 Ibs. along each. 
&. (i.) 7 Ibs. (ii.) 26 grammes. 
(iii.) 1 ton. (iv.) 5 kilog. 
(v.) 5 cwt. (vi.) 2/7 lbs. 
(vii.) 5/3 Ibs. (viii.) 4./10+3 V3 mgm. 


(ix.) 2/13—6 4/3 oz. 


10. 
12 
i3. 
is 
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2/39 Ibs. 


. 12 Ibs. opposite to the 10-1b. force, and 24/3 lbs. at right angles 


to this on the side remote from the 4-]b. force. 


2/35 —18 /2 lbs. between north and west. 9. 7/3 lbs. 
V/3 Ibs. 

If Pis > Q, Q and / RR’ are perpendicular to each other. 

—4, 14. —}. 15. 5(/W5 +1) Ibs. 5 5(./3 —1) lbs. 
16-93 Ibs., 10°65 Ibs. ; 4°62 lbs., °78 Ib. 


ExaMinaTION Parser I. (Pace 37.) 


1. See § 5. 2. See §§ 12, 13. 3. See § 16. 
4. 5 + , in direction parallel to AP, where BC is produced to P, 
and 2BC = 5CP. 
5. See §§ 18, 20, 21. 6. See § 24. 7. See §§ 27, 29. 
8. Draw DF parallel to EA to meet AB in F. 
9. See § 31. 10. See § 34. 
Examrirs IIT. (Pages 49, 50.) 
1. (i.) 7: ]Ibs.; 61bs.  (ii.) 32} Ibs. ; 30 1bs.  (iii.) 84 tons; 82 tons. 
(iv.) 451 kilog. ; 40 kilog. 
2. (i.) 60 ft.-lbs. (ii.) 390 ft. -lbs. (iii.) 630 ft.-tons. 
(iv.) 1860 kilogram-metres. 
3. (i.) 3/3 tons; 2} tons. (ii.) 28 Ibs. ; 14/2 Ibs. 
(iii.) 10.73 kilog. ; 5/3 kilog. The reactions are respec- 
tively (i.) 3424/3 tons; &/3 tons. (ii.) 28/2 Ibs. ; 14/2 lbs. 
(iii.) 20 kilog. ; 5 kilog. 
&@, (i.) 4200 ft.-Ibs. (ii.) 42 /2ft.-Ibs. (iii.) 12/3 kilogram-metres. 
5. (i.) 63 Ibs. (i.) 52 Ibs. ; 13} ft.-Ibs. 6. 6/2 lbs. 
7. 3¢4/3 lbs. 8. 3 ton. 10. 5 lbs. ; 3473 Ibs. 
11. Along the plane, sina; the force must act towards the plane 
at an angle of (90°—a) with it. 
WW V3 AB\?, 
i ee 13. (47) P. 
14. 28./2 Ibs. ; when the angle between the two parts of the string 
is equal to or greater than 120°. 
15. Anywhere in the tube. 


17. 


The tension in each string equals any one of the weights. 
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Exameres TV. (Paazs 61, 62.) 


1. See § 58. 2. = lb. 
8. The rod is inclined at 30° to the vertical; 32 lbs. 
6. 14 ins. ; 60° with horizontal. 
7. a W, “3 W, where T¥ is the weight of the rod. 
8. 10./2Ibs.; 10 lbs. “A Ws 4W. 11. 3 Ib. ; 3 Ib. 
12. Tension in each string == x (/3—1). 
Examination Parre IJ. (Pace 63.) 

1. See § 52. 2. Sce § 53. 3. See § 57. 
@, See § 44. 5. 15 lbs. 6. See § 47. 
7, 2/3 Ibs., at right angles to the 5-Ib. force between the 5-lb. and 

7-lb. forces. 
8. See § 53. 9. Q=0UP/a, R= cPa. 

Exampies V. (Paces 74, 75.) 

L. (i.) 24, (ii.) £2, (iii.) 4/2, (iv.) $473, in ft.-Ib. units. 
2. 2V3AB; 2/3AB; SAB. 


. Towards the side on which A lies. 4. See §§ 60, 61; /3: 4. 
About one end, 0, +4, +18, —32; about other end, +8, — 12, 
—6, 0; about middle point, +4, —4, +6, —16. The sum 
of the moments is — 10, round any one of the points. 
7. 0, an AB, 5+/3AB, o< AB, 0. 
8. 8/3, 10/3; at Pin BC produced, such that CP = 16 ft 
9. (P—Q)a// P*+@, where a is the length of the side. 
10, Two straight lines parallel to the resultant at a distance of } on 
each side of it. 
11. The resultant passes through A. 
12. The moments and sum of the moments round the four corners 
are respectively 
(i.) —8, —4, +10, +12; +15. (ii.) +6, —4, —5, +12; +9. 
(iii.) +6, +8, —5, —6; +3. (iv.) —3, +8, +10, —6; +9. 
13, Any point in a line parallel to CD and distant from it 2a on the 
side opposite to AB, where a is the length of a side of 
the square. 


1. 


3. 
4. 


5. 
6. 
9, 
13. 


1. 
5. 
6. 
10. 
13. 
14. 
15. 


iL. 
4, 


5. 
7. 


i. 
5. 


7. 
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Exameres VI. (Paces 89, 90.) 


(i.) 4Ibs.; 14 £t.*, 4 ft. (ii.) 12 Ibs.; 21 ins., 15 ins, 
(iii.) 12 Ibs. ; 31} ins., 4} ins. (iv.) 14 Ibs.; 30 ins., 12 ins, 
(v.) ton; 4ins., 2 ins. (vi.) 1 kilog.; Gem., 4 em. 

(i.) 2 Ths.; 3 ft., 1 ft. (ii.) 2Tbs.; 103 ft., 72 ft. 
(iii.) 9Tbs.; 34 ft., 4 ft. (iv.) 6 Ibs.; 70 ins., 28 ins. 


(v.) } ton; 12ins., 6 ins. (vi.) 200 gms.; 30 cm., 20 cm. 

548 ft. from the 8-Ib. end; 19 Ibs. 

1 unit, at a distance of 1 ft. from the force of 2 units, and 2 ft. 
from the force of 1 unit. 

The bar balances about a point distant 14 ft. from the boy. 

See § 78. 7, 68,2. lbs., 81% lbs. 8. 25 lbs. 

P = 8 lbs., Q = 9 Ibs. 10. 12 Ibs. 

6 lbs. ; 8 ft. from the table. 14, (P?— Q?) /P, if P be the greater. 


Examptes VII. (Paces 108-110.) 


15 Ibs. 2. 4 cwt., acting downwards. 3. 8 lbs., 10 lbs. 
3 ft. from the man bearing 94 lbs. of the whole weight. 

10 Ibs., 104713 ft. -lbs. 8. 943 lbs. 9. 44 lbs. 

P =9 lbs., Q = 15 lbs. 12. 4AB from A; pressure = /3P. 
Tension of thread = 7; pressure at C = ./3 W perpendicular to AB. 


3 lbs.; 3 ft. 
Radius of wheel is four times radius of axle; weight of wheel 
and axle and weight of man. 16. See § 98. 


Examination Parer III. (Page 111.) 


See § 61. 2. See § 69. 3. See § 78. 
(a) 300 ft.-lb. units. ; 750 ft.-lb. units, in opposite sensc.’. 

(6) 450 ft.-lb. units; to the side of AC on which B lies. 

See § 80. 6, 211bs.onA, 91lbs.on8; 10 Ibs. more in each case. 
See §§ 89-92. 9. See § 98. 10. & Ibs. 


Exampies VIII. (Paces 126, 127.) 
ys, 20lbs. 2. 34, 141bs. 3, Gewt. 4, Three moveable pulleys. 


31? 


22 Ibs. 6. Light in the first system, heavy in the third. 
7 Ibs. 8. 8 lbs., 4 lbs., 15 Ibs. 9. 16 lbs., 4 Ibs., 7 Ths. 


*" In Examples 1, 2, the distance of the resultant from the smaller component 
is given first. 
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10. 
il. 


oS grr 


1. 


3. 


4. 
5. 
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250 Ibs.,; 250 Ibs., 500 Ibs., 1000 Ibs., 2000 Ibs. 


7} stone, 183 stone. ; 14. 9 stone. 
Exampres IX. (Paaxs 136, 137.) 
16 Ibs. parallel to AC, and at a distance from it equal to 3AB. 


See § 125. 4. See § 124. 
(a) -* . area of triangle ABC. 


(4) 2P acting along the line bisecting AC and BC. 
Complete parallelogram ABDC. Required force equals 4AD, and 
acts parallel to it through B or C. 


. 1580 lbs. nearly. S. 33 in. 9. $37 lbs. 
. 2wnM ; 9429 ft.-lba. Li. See § 126. 14, 224. 


Examination Paper IV. (Pace 138.) 


. See §§ 98, 114. 2. See §§ 117, 124. 3. See §§ 106, 108. 


622 lbs. 5B. See § 129. 6. 3,57, ins. ; 4§ in. 


. 4 lbs. wt., acting parallel to, and in the same direction as, the 


given force of 4 lbs., and at a distance of 14 ft. from it. 


. 3 lbs., mechanical advantage = 6. 
. The radii should be as the numbers 1, 2, 3..., or as 1, 3, 5..., 


according as the string is fastened to the lower or to the 
upper block. 


Examrites X. (Paaes 148-150.) 


3 ft. from the man carrying 71 Ibs. 

21 Ibs., acting between the 7-Ib. and 9-Ib. forces at a distance 
of 3 ft. from the latter. 

When the 100 Ibs. is placed on the end furthest from a prop, the 
pressures are 225 lbs. downwards on the nearer prop, and 
5 Ibs. upwards on the further prop; when the 100 Ibs. is 
placed on the other end, the downward pressures are 170 lbs. 
on the nearer and 50 lbs. on the further prop. 

17} Ibs. 

11 Ibs., acting in the same direction as the 7-lb. force, at a 
distance of 3, ft. from the end where the 3 lbs. is. 

3} cwt. on each. 7. 3 ft. from the first prop. 8. 228. 

(a2) 362 Ibs., 64g Ibs. (0) 782 Ibs., 122 Ibs. (c) —53 Ibs., 963 Ibs. 


10. 


il. 


12. 


13. 
16. 


17. 
18. 


19 


12. 


1. 


4. 
7. 


ll. 


L3. 
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(i.) The centre of the triangle. (ii.) The vertex of the equi- 
lateral triangle described on the other side of the base 
opposite the point of application of the unlike force. 

Take F in AB, so that 2AF = FB; the centre of the forces is at 
G in FC, where 9FG = 2G@C. 

Produce BA to F, so that AF = AB; the centre of the forces 
is at Gin FC, where 3FG = 2GC. 

540. 14, 4 ins. 15. 2 in. nearer the centre. 

It is moved from the centre of the square to the corner opposite 
the point of application of the reversed force. 

At an infinite distance. 


“ Ge ee from AB and AD respectively. 
At K in EG, such that OK = 8 ins. 


. Between the strings over the fixed pulley and the next, and 


11 ft. from the former. 


Examries XI. (Paaes 170, 171.) 
6 lbs. 2. See § 150. 3. 12 Ibs. ; at middle point of rod. 


. 70z.; 94 in. from A. 5. See § 149. 
2 oz.; 12 ins. 7, See § 150. 


. See § 156; if the 8-in. side was originally vertival, the block 


will topple when the plank forms an inclined plane, such 
that height = § base. 

The straight line bisecting AB and CD. 

The sphere containing the lead has /:ro positions of cquilibrium 
onlygwhen placed on a table—one stable, the other unstable ; 
the other sphere ix stable in all positions. 

450 aq. ft. 


Examprtes XII. (Paces 187-189.) 
Suspend it by three strings from one point from which i- hung a 
plumb-line. This cuts the plane of the hoop in the required c.g. 


2 ft. from vertex ; 8 ins. from vertex. 
13AB, -£;AB, from AB and AD respectively. 


4 ins. from AB, 34 ins. from AD. 5. ~,AC from O towards C. 
23AC from A towards C. 8. See § 177. 
348 from O towards middle point of CD. 12. See § 169. 


2-55 ins. from base. 
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16. ua where W is the weight and / the length of the chain. 
17. One-third of radius from centre of board. 
20. The masses are proportional to BC, CA, and AB. 22, 20+.%8,. 


48 
23. One-third of the diagonal from the point where the weight 
is suspended. 
24. At the middle point of the common side. ‘ 
Q5. 16 ft.-Ibs, ; 5% ins. 2G. 192,500,000 ft.-Ibs. 28. 4a. 


Examination Parser V. (Pace 190.) 


1. See § 135. 2. See §150. 3. See§173. 4, Bee § 169. 

6. See § 160. 7. 7,3; ins. from A; 46 ins. from A in BA produced. 

8. 2 ins. from centre of box towards the middle point of the 
vertical face to which the hingss are attached. 

_ &, See § 176. - 10, Same as c.a. of original triangle. 


Examprks XIII. (Pacrs 202, 203.) 


1. See § 181. 2. 444 Ibs. 3, 32 ins. from fulcrum. 
4@. Yes. 5. No. 6. 5 ins. from the weight. 
7. 15 lbs., 26 Ibs.; at middle of rod. 
8. 1 1b., 2 lbs., 4 Ibs., 8 Ibs., 16 Ibs.; 1 Ib., 3 Ibs., 9 lbs., 27 Ibs. 
9. With diminished weight he cheats his customers, with increased 
weight he cheats himself. | 
10. When the weight is hung by a string. 12. 10 stone. 


Examination Paper VI. (Pace 204.) 


1, See § 182. 

2. See §§ 191, 192; only one weight used, and this a com- 
' paratively small one. 

3. See §§ 193, 194. &. See § 186. 5. 10 lbs. 23 oz. 

G. See § 175. 7, 20,000 ft.-Ibs. ; 


&. If ACB be the thread and C the position of the weight, 
AC =6ft., CB = 3 ft. 

9. 44 from centre of hexagon to corner opposite to that at which no 
weight is situated, a being side of hexagon. 
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¥.G. PLAISTOWE, M.A. Camb. 1s. 6d. 
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chief works, the circumstances under which he wrote, and his style, 
dialect, and metre, where these call for notice. 


The TEx is based on the latest and best editions, and is clearly 
printed in large type. 


The distinctive feature of the Notrs is the omission of par tlel 
passages and controversial discussions of difliculties, and “hess is 
laid on all the important points of grammar and subject-matter, 
Information as to persons and places mentioned is grouped together 
in an IJIStORICAL AND GEOGRAPHICAL INDEX; by this mean- the 
expense of procuring a Classical Dictionary is rendered unnecessary 


The works in the Matriculution series have been edited with: a 
view to meeting the wants of beginners, while the Graduation sene> 
furnishes suitably annotated editions for the more advanced student. 
A complete list is given overleaf. 
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BHditions of Latin and Greek Classics. 


The following Editions are now ready, with the exception of those 
marked * (in the press), and those marked f (in preparation) :— 


MATRIVULATION SERIES, 


8. a. 8. . 
CAKESAR—Gallic War, I. 16 |; Tavy, XXT. ‘ ‘ ~ 26 
CAESAR—Gallic War, V. 16 | +Ovip—Heroides, I., IL, 
CAESAR—Gallic War, VI.. 16 Ifl., V., VIT., XII. 6 
CAHESAR—Gallic War, VII. 2 6 | OviD—Metamorphoses, X1. G 
CAKSAR—Gallic War, VIL, Ovip—'Tristia, I. ; ‘ G 


Ch, 1—68 Ovip—Tristia, ITI. 
*CICERO—De Amicitia 
CICERO— De Senectute 
¢Cicriro—In Catilinain, ITI. 
Cickro—Pro Archia . 
C1cERO—Pro Balbo 
tEURIPIDES—Andromache 
HoMER—lIliad, VI... : 
JToMER-—Odyssey, XVII. 


6 

G | SALLUST— Catiline 

G | SOPHOCLES — Antigone 
6 | VeER@IL—Aeneid, I. . 
6 | Veroriu— Aeneid, IIT. 
6 | VeragiL--Aeneid, V. . 
6 | Verait—Aeneid, VI. 
G | VERGIL —Acneid, VIT. 
G | VERGIL—Acneid, TX. 


SS ee ee 
ors 
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Horacu— Odes, I. ‘ 6 | VERGIL—Acneid, X.. : (6 
Horace—Odes, Il. . . 6 | XENOPHON -Anabasis, I. . G 
Horace—Odes, III. , G | SENOPHON—Hellenica, J. 3 6 
Honace—Odes, IV. ‘ 6 | XENoPHON—Hellenica, IV. 6 
Livy, I. ‘ 6 


GRADUATION SERIES, 


8. a. | 8. 

AESCHYLUS — Promethcus | JUVENAL—Satires I, TIL., 
Vinctus ; »- 26) IV. ; : ; . 3 

ARISTOPHANES—Plutus - 26) JUVENAL— Satires VIII, 
CickRo—Ad Atticum, 1V.. 3 6 | X., XH. . ate 
C1iCERO-—De Finibus, 1. G Livy, lL. , : . 3 
+CickRO— De Finibus, Il.. 6: Livy, ar . 2 
+CICERO—TI’ro Milone 6 | Ovrp-- Fasti, TIL, IV. . 2 
CICERO—Pro Plancio. 6 PLATO—VPhaedo. ; . 3 


a 
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HERovoTws, VI. 6 | SOPHOCLES —Ajax . . 3 
Hrropotvs, VIII. 6 | SOPHOCLES—- Flcctra . . 3 
HOMER— Odyssey, IX., X. 6 | Tactros—Annals, 1. . 3 
HNomern—Odyssey, XI..X1T. 6 ' TaciTus—Annals, II. oe 


TaciTus—tHistories, I. so 
6 | THucypipes, VII. . . 3 
6 | TVERGIL—Georyvics, J.,II.. 3 
6 | TXENOPHON—Occonomicus 4 
6 


HomER—Odyssey, XIJIL, 

XIV. e e 
Horace—Fpistles ‘ 
tHoRACE—Epodes . 
Horack—Satires  . 


* 
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Vocabularies and Test Papers. 


The VOCABULARY contains, arranged in the order of the Text, 
words with which the learner is likely to be unacquainted. The 
principal parts of verbs are given, and (when there is any difficulty 
about it) the parsing of the word as it occurs in the Text. The 
Vocabulary is interleaved with writing papc7;, 

Two series of ‘TEST PAPERS are, as a ule, provided, of which the 
first and casier serics is devoted entirely to translation, accidence, 
and very clementary points of Syntax; the second, which is intended 
for use the last time the book is read through, deals with more 
advanced points. 


ps 
oa & 


8 
ACTS OF THE APOSTLES Livy, Il. ; ‘ 1 
AESCHYLUS — Prometheus Livy, ITI. . ‘ . . il 

Vinctus , Livy, Vv... ‘ , . 10 
CAESAR—Gallic War, I. Livy, XX1. i ; ar 
CaEsSAR—Gallic War, V. Ovip—Fasti, TTT., IV. a> 
CALSAR—Gallic War, VI. . tOvip—Heroides, I., IT, 
CAESAR—Gallic War, VII. 6 TIL, V., VIL, NIT. 1 
Cicrno—De Amicitia 0 | Ovip--Metamorpboses. XI. 1 
CicEro—De Senectute Q | Ovip—Tristia, IL : a | 
+CrceRo—InCatilinam,I11. 0 | Ovip—Tristia, IIL. e a 
CiceROo—Pro Archia . 0 | SALLUST—Catiline . 5 od 
CIcERO—Fro Balbo . 0 | SOPHOCLES —Antigone ] 
CICERO—Pro Cluentio Q | SOPHOCLES - Electra, ge A 
tCICERO—Pro Milone Tactrus—Annals, J, . . LO 

1 
] 
1 
1 
1 
1 
1 
| 
} 
| 


ooo 3° 


Cickro— Pro Plancio Tacrrus—Histories, T. . 
VERGiIL— Aeneid, |}. 
VerGIL—Aeneid, IJ11 3 
VeRrnGiIL— Aencid, V. . 
Vircit—Aeneid, VI.. 
Vercit—Aeneid, VIL 
Vircit—Aencid, LX., 
VEeRGiL—Georgics, L., 1! 
XENnoruon—Anabasis, I. 

Q | XenorHon—Cyropacdeial. 
Q , XENOPHON—Cyropacdeia,V. 1 0 


07; +XENOPHON—Occvnomicus 1 0 


EURIPIDES—Ion 
HERopotuvs, VI. 
Hrrovorvs, VIII. 
HomMER—lIliad, VI. 
HomMrEr—Odyssey, XVII. 
HorRAcE—Epistles 
HoraAcE—Ocdes, I. 
HorAce—Odces, IT. 
HoracE—Odes, Ill. . 
HoRACE—Odes, IV. . 
HoRAcE—Satires ‘ 


a ee ee re ee ee 
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Latin and Greek. 


GRAMMARS AND READERS. 


Greek Reader, The Tutorial, or PROOEMIA GRAHCA. By A. WAUGH 
Youn@, M.A. Lond., Gold Medallist in Classics. 2s. 6d. 


Higher Greek Reader: A Course of 132 Extracts from the best writers, 
in Three Parts, with an Appendix containing the Greck Unseens 
set at B.A. Lond. 1877—1893, 38s, 6d. 


The Tutorial Latin Grammar. By B. J. Hays&s, M.A. Lond. and 
Camb., and W. F. MAsom, M.A. Lond. Second Ldition. 38. 6d. 


‘© Sensible, correct, and well-arranged.”—Journal of Education. 

‘* Practical experience in teaching and thorough familiarity with details are 
plainly recognisible in th s new Latin grammar. Great pains have been taken to 
bring distinctly before the mind all those main points which are of fundamental 
importance and require firm fixture in the memory, and the illustrative examples 
have been gathered with much care from the classics most usually read for exami- 
nations. Though full, it is not overcrowde 1] with minutise.”— Educational News. 

“It is accurate and full without being overloa led with detail, and varieties of 
type are used with such effec: as to minimise the work of the learner. Tested in 
respect of any of the crucial] points, it comes wel] out of the ordea).”— School master. 


The Preliminary Latin Grammar. ly B. J. Hayes, M.A. Lond. 
and Camb. Is. 6d. [Zn preparation. 


Latin Composition and Syntax. With copious Exrrcises. By A. 
H. ALLCROFT, M.A. Oxon., and J. IT. HAyDoN, M.A. Camb. and 
Lond. Third Kdition. 2s. 6d. 


The more advance’ portions of the book-work are denoted by an 
asterisk, and the relative importance of rulesand exceptions is shown 
by variety of type. Each Exercise is divided into three sections 
of progressive difhculty. 

This rseful little book.””—Journal of Education. 

“This is one of the best manuals on the above subject that we have inet with for 
some time. Simplicity of statement and arra: gement 5 apt examples illustrating 
each rule; exceptions to these adroitly stited just at the proper place and time, 
are among some of the strihing characteristics of this excellent book. Every 
advantage too has been taken of printing and type, to bring the leading s‘atements 
prominently before the eye and mind of the reader. It will not only serve as an 
aimirable class-book, but from its table of contents and 1ts copious index will 
prove to the private student an excellent reference book as well.”— The Schoolmaster. 

‘¢The clearness and concise aveuracy of this book thionghout are truly remark- 


able.” — Education. 
‘*The arrangement and order are exceedingly good."—School Board Chronicle. 


The Tutorial Latin Reader. 1s.6d. With VOCABULARY. 2s. 6d. 
“A soundly practical work.” —Zhe Guardian. 


THE UNIVERSITY TUTORIAL SERIES. 7 


i ee re 





Roman and Grectan history. 


The Tutorial History of Rome. To a.p. 14. By A. H. ALLCROFT, M.A. 
Oxon., and W. F. MAsom, M.A. Lond. 8s. 6d. 


‘It is well and clearly written.” —Siu/uiday Res sew. 


A History of Rome from B.C. 31 to AD. 96: The Early Principat 
By A. H. ALLcROoFT, M.A. Oxon., an’ J. H. Haypon, M.A 
Camb, and Lond. 2s. 6d. Also sepurately, Augustus and 
Tiberius. 1s. 6d. 

* Accurate, and in accordance with the authorities.”— Jornal of Education. 


“It is deserving of the h:ghest praise. All that the student can require for his 
examination is supplied in scholarly shape, and in so clenr a manner that the task 
of the learner is made comparatively casy.”-- Literary World, 


A Longer History of Rome. The following volumes are ready or in 


preparation :— 
1, History of Rome, B.C. 287-202: The Struggle for Empire. By 
W. F. MAsom, M.A. Lond. 4s. 6d. [ Ready. 


2. History of Rome, B.C. 202-133: Rome under the Oligarchs. By 
A. H. ALLCROFT, M.A. Oxon., and W. F. Masom, M.A. Lond, 


4s. 6d. [ Ready. 
3. History of Rome, B.C. 133-78. (In preparation. 
4, History of Rome, B.C. 78-31: The Making of the Monarchy. 
By A. H. ALLCROFT, M.A. Oxon. 4s. 6d. [ Ltcady. 


5. The Early Principate. (See above.) 
A History of Greece. To be completed in Six Volumes :— 


1. Early Grecian History. A Sketch of the Historic Period, and 
its Literature, to 495 n.c. By A. H. ALLCROFT, M.A. Oxon., 
and W. F. MAsom, M.A. Lond. 8s. 6d. 


“For those who require a knowledge of the period no bette: bovk could be 
reconmmended.”—Fducateonal Tries. 


2. History of Greece, B.C. 495-432. 
3. History of Greece, B.C. 432-404. By A. H. AuLcRoir, M.A. 


Oxon. 4s. 6d. [In preservation, 
4. History of Greece, B.C. 404-371. By A. H. Auucrotr. M.A, 
Oxon. [in pr paration, 


5. History of Greece, B.C. 371-323: The Decline of He:lns. By 
A. H. ALLcRorr, M.A. Oxon, 48. 6d, 
6. History of Sicily, B.C. 490-289, from the Tyranny of Gelom to 
the Death of Agathocles, with a History of Literature by 
A. H. ALLCROFT, M.A. Oxon., and W. F. MAsom, M.A. Lend, 
3s. 6d. 
‘We can bear high testimony to its merits,’ —Schoolmuaster. 
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French. 


The Tutorial French Accidence. By ERNEST WrEnKkLuiy, M.A. Lond. 


28. 6d. [In the press. 
The Tutoriql French Syntax. 2s. 6d. [In preparation. 
The Preceptors’ French Course. [in preparation. 


The Preceptors’ French Reader. With Vocabulary. 1s. 6d. 
[Jn preparation, 
French Prose Reader. Hditcd by §. BARLET, B. és Sc., Examiner 
in French to the College of Preceptors, and W. F. Masom, 
M.A. Lond. With VocABULARY. Second dition. 2s. 6d. 


“The book is very well adapted to the purpose for which it is intended.”— 
Schoolmaster. 

‘* Admirably chosen extracts. They are so selected as to be thoroughly interesting 
and at the same time thoroughly illustrative of all that is best in French literature.” 
—School Board Chronicle. 


Advanced French Reader: Containing passages in prose and verse 
representative of all the modern authors, Edited by S. BARLET, 
B. és Sc., Examiner in French to the College of Preceptors, and 
W. F. MAsom, M.A. Lond. 3s. 6d. 


** Chosen from a large range of good modern authors, the book provides excellent 
practice in ‘ Unseens.’ ’—The Schoolmaster. 


English history. 


The Tutorial History of England. By C. 8, I KARIENSIDH, M.A. 
Oxon. [In preparation. 

The Intermediate Text-Book of English History: a Longer History 
of England. By C. 8,  EARENSIDK, M.A. Oxon., and A, JOHNSON 
Evans, M.A. Camb. 


VOLUME L., to 1485. [Zn preparat on. 
VoLUME II., 1485 to 1603. 5s. 6d. 
VOLUME III., 1603 to 1714. [ Shortly. 


VoLUME IV., 1685 to 18Ol. 4s. 6d. 


The following periods have already been issued separately :— 
1485 to 1580. 2s. 1640 to 1670. 2s. 1660 to 1714. 3s. 6d. 1760 
to 1798. 2s. 


‘“‘The results of extensive reading seem to have been photographed upon a smal) 
plate, so that nuthing of the effect of the larger scene is lost.” — Teachers’ Monthly. 

‘* His genealogical tables and his plans of the great battles are very well done, as 
also are the brief biographical sketches which come in an appendix at the end.”— 
Literary Opinion. 

“It is lively ; it is exact; the style is vigorous and has plenty of swing ; the facts 
aie numerous, but well balanced and admirably arranged.”—Education. 
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English Danguage and Diterature. 


The English Language: Its History and Structure. By W. H. Low, 
M.A. Lond. Second Edition. 38. 64. 

ConTENTS :—The Relation of English to other Languages— 
Survey of the Chief Changes that have taken place in the 
Language—Sources of our Vocabwary— The A'phabet. and the 
Sounds of English—Giimm’'s Law--Cracation and Mutation— 
Transposition, Assimilation, Addition, and Disappearance of 
Sounds in English— Introductory Remarks on Grammar—-The 
Pats of Specch, etc.—Syntax — Parsing and Analysis—Mctre— 
Examination Questions. 

“A clear workmanlike history of the Knglish language done on sound principles.” 

—Saturday Review. 


** The author deals very fully with the sonice and growth of the language. The 
parts of speech are dealt with historically as well as giammatically. ‘Ihe work is 
scholarly and accurate.” —Schoolinaster. 


‘The history of the language and etymology are both well and fully treated.” — 
Teachers’ Monthly. 

‘* Aptly and cleverly written.”— Teachers’ Aid. 

“The arrangement of the book is devised in the manner most suited to the 
student's convenience, and most calenlated to hhapress his memory.”’— Lyceum. 


‘*Tt is in the best sense a scicntific treatise. ‘There is not a supertinuons sentence.” 
—Hducational News. 


The Intermediate Text-Book of English Literature. By W.H. Low, 
M.A, Lond. 
VOLUMRE I., to 1558. 3s. 6d. [In preparation. 
VOLUME IJ1., 1558 to 1660. 38. 6d. 
VOLUME ITT., 1660 to 1798. 3s. 6d. 
Vols, JI. and III., bound together, 5s. 6d. 


The following Periods have already been issued in separate parts 
under the title of A History of English Literature :—1485 to 1580. 2s. 
1620 to 1670. 2s. 1660t01714. 3s.6d. 1714to1798. 2s. 


“ Roally judicions 1. the selection of the details given.”—Saturday Me oiew, 

“Designed on a thoroughly sound principle, Facts, dates, and repre. «ntative 
quotations are plentitul. ‘Ihe ermtical extracts are judiciously chosen, ined M1. Low's 
own writing is clear, effective for its purpose, and evidently the result ot J .iough 
knowledge and a very considerable ability to choose between good ana oud. -~ 
National Observer. 

‘Tt affords another example of the author's «  prchensive grasp of dis. subject, 
combined with a true teacher's power of using such judicious condensation that the 
more salient points aie brought clearly 1to view.” — Teachers’ Monthly. 

“Mr. Low has sueceeded in piving a very readable and Incid account of tue 
literature of the time, and bas packed an extraordimary amount of information 
into a very small compass. His book wil} be found very interesting and inatritc- 
tive, quite apart from its value as a handbook for examination purposes. —hileriry 
World 

“Mr. Low's book forms 1 servicerble student's digest of ian important period in 
‘our literature.”—Schoolmaster. 
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English Classics. 


Addison.—Essays on Milton, Notes on. By W. H. Low, M.A. Qs. 


Aelfric’s Homilies, Glossary to, in order of the Text. By A. J. 
Wyatt, M.A. Lond., and H. H. Jounson, B.A. Lond. Qs. 6d. 


Dryden.— Essay on Dramatic Poesy. Edited by W. H. Low, M.A. 
Lond. TExT and NotTEs. 3s. 6d. Or separately, 28. each. 


Havelok the Dane. A Close TRANSLATION, preceded by the Addi- 
tional Notes and Corrections issued in Prof, Skeat’s New Edition. 
By A. J. Wyart, M.A. Lond. 3s. 


Milton.—Samson Agonistes. Edited by A. J. Wyatt, M.A. Lond. 
2s. 6d. 


‘** A capital Introduction. The notes are excellent.” -- Kducational Tomes. 


Milton.—Sonnets. With an Introduction to each Sonnet, and Notes, 
together with an account of the History and Const:uaction of the 
Sonnet, and Examination Questions. By W. F. MaAsom, M.A, 
Lond, 1s. 6d. 


Saxon Chronicle, The, from SCO0-1001 A.D, A TRANSLATION. By 
W. H. Low, M.A. Lond. 8s. 


Shakespeare.—Henry VIII. With INTRODUCTION and NOTES by 
W. H. Low, M.A. Lond. Second Edition, 2s. 


Sheridan.— The Rivals. Edited by W. H. Low, M.A, Lond, 1s. 
“A fully annotated edition... complete and thoroughly workmanlike, — 


Bducation. 


Spenser’s Shepherd’s Calender, Notes on, with an INTRODUCTION, 
By A. J. Wyatt, M.A. Lond. 2s. 
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Mental and Moral Science. 


Ethics, Manual of. By J. 8. MACKENZIE, M.A., Fellow of Trinity 
College, Cambridge, Examiner in the University of Aberdeen 
Second Edition, 6s, 6d. 


**¥n writing this book Mr. Mackenzie has pro luced an earnest and striking con- 
tribution to the ethical literatnie of the time.’— wind, 


** This excellent miunual.”— International Journal of Ethies, 


‘Mr, Machenzie may be congratulate! on having presented a theroughly good 
and helpful guide to this xttractive, yet elusive and difficntt, subject.” —School master. 


“Tt is a most a lmirable student's anual,” -—TZeachers’ Monthly. 


‘““Mr. Mackenzie's book is as nearly perfect as it could be. It covers the whole 
field, and for perspicuity and thoroughness leaves nothing to be desired, The pujal 
who masters it will find himself equipped with a sound grasp of the subject such as 
no one book with which we are acquainted has hitherto been equal to supplying. 
Not the least recommendation 18 the really interesting s'yle of the work.”-- Literary 
World, 


“Written with lucidity and an obvious mastery of the whole bearing of the 
subject.”"—Standard. 


“No one can doubt either the author's talent or his information. Tho ground 
of ethical science is covered by his treatment completely, sensibly, and in many 
respects brilliantly.” —Manchester Guardean. 


‘*For a practical aid to the stucent it is very almirably adap ol. It us able, 
cloar, and acute, ‘Ihe arrangement of the book is excellent."—Newcastle Daily 
Chronicle. 

Logic, A Manual of. Ly J. WELTON, M.A. Lond. 2 vols. Vol. L., 
10s. 6d. [ Vol. IT. in preparation. 

This book embraces the entire London B.A. and B.8e Syllabus, 
and renders unnecessary the purchase of the numerous books hitherto 
used. The relative importance of the sections is denoted by variety 
of type, and a minimum course of reading is thus indicated. 


Vol. 1. contains the whole of Deductive Logic, except Fallacies, 
which will be treated, with Luductive Fallacies, in Vol, II. 


‘A clear and compendious summary of the views of various thinkers on im- 
portant and doubtful points.” —Journal of Bducation. 


‘CA very good book. . not Jikely to be supersede | for a long tame te come "— 
—Kducational Reve. 


‘Unusually complete and reliable. The arrangement of diy sions and xitb- 
divisions is excellent, and cannot but gieatly facilitate the study of the subject by 
the diligent student. "—Schoolmuapster. 


‘The manual may be sifely recommended. ‘— Lducational Tunes. 
 Undoub.edly excellent.”— Board Teacher. 
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Mathematics and Mechanics. 


Algebra, The Intermediate Text-Book of. [In the press. 





Astronomy, Elementary Mathematical. By C. W.C. Bartow, M.A 
Lond, and Camb., B.Sc. Lond., and G. H. BYRAN, M.A. Camb , 
Fellow of St. Peter’s College. Second Edition, with ANSWERS 


8s. 6d. 


’ Probably within the limits of the volume no better description of the methods 
by which the marvellous structure of scientific astronomy has been built up could 
have been given.”—Athenewum. 

“Sure to find favour with students of astronomy."—Nature. 

*“This book supplies a distinct want. The diagrams are clear, the style of writing 
lucid, and the mathematical knowledge required but small.”—Teachers’ Monthly. 

‘Completely successful," —Litera: y World. 

“One noticeable feature of the book is that the more important theorems are 
carefully illustrated by worked-out numerical examples, and are so well arranged 
and clearly written that the volume onght to serve as a good text-book.”—Bombay 
Advertiser. 

‘©A careful examination has led to the verdict that the book is the best, of its 
kind. It is accurate and well arranged, and in every respect ineets the requirements 
for which it has been designed.”—Practical Teacher. 


‘It is an admirable text-book.”—School Guardian. 


Coordinate Geometry : The Right Line and Circle. By WILLIAM 
Briaes, M.A., L.B., F.R.A.S., and G. H. BRYAN, M.A. Seeond 
Edition. 38. 6d. 


“It is thoroughly sound throughout, and indee 1 deals with some difficult points 
with a clearness and accuracy that has not, we believe, been surpassed.” —Education. 

“An admirable attempt on the part of its authors to realise the position of the 
average learner, and to provide for the wants of the private student. .. . Frequent 
exercises and examination papers have been interspersed, and different sizes of type 
and intelligently drawn figures will afford great assistance in revision.” —Bducational 
Temes. 

‘Thoroughly practical and helpful.”— Schoolmaster. 


“ Thoroughly sound and deals clearly and accurately with difficult points.”—TZhe 
Indian Engineer, 

‘‘Another of the excellent books published by the University Correspondence 
College Press. The arrangement of watter and the copious explana.ions it would 
be hard to surpass. It is the best bovk we have seen on the subject.”—Board 
Teacher. 

‘*The authors have had exceptional opportunities of appreciating the difficulties 
of beginners, and they have succeeded in producing a work which will be found 
especially useful.”— English Mechanic. 
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Matbematics and Mechanics —continued. 


Voordinate Geometry, Worked Examples in: A Graduated Course on 
the Right Line and Circle. 2s. 6d. 
References are made to the buok-work of (vordinate Geometry. 


Dynamics, Text-Book of. By WinLIaM “rics, M.A, LLB. 
¥.1.AS., and G, H. Bryan, M.A. Qs, 


Geometry of Similar Figures and the Plane. (Huclid VI. and XI.) 
With numerous Deductions worked and unworked. 3s. 6d. 


[ Shortly. 
Hydrostatics, An Elementary Text-Book of. By WiLitAm Bricas, 
M.A., LL.B., F.1R.A.S., and G. H. BRYAN, M.A. [ Shortly. 


Mechanics and Hydrostatics, Worked Examples in: A (Graduated 
Course on the London Matriculation Syllabus. 18. 6d. 


‘Will prove itself a valuable aid. Not only are the worked examples well 
ciaded, but in many cases explanatory paragraphs give usefal hints as to processes, 
‘the book has our warm approbation.” —Schoo! muster, 


Mensuration and Spherical Geometry: Veing Mensuration of the 
Simpler Figares and the Geometrical Properties of the Spere. 
By W1iuLLIAM Drices, M.A., LL.B. ELRAAS,, and T.W, EpMonpb- 
son, B.A. Lond. and Camb. 33s. 64d. 


‘Although intended to meet the requirements of candidates for particular 
exaininations, this book may be used generally with safety. The chief feature in 
it appears to be the inclusion of prvofs and of all formula picseuted. It is thus 
far more than a mere collection of rules and examples.” —Lducationel T'nes, 


**The book comes from the hands of experts; we can think of nothing bettor 
qualificd to enable the student to master this branch of the syllabus, and what 1s 
more important still, to promote a correct style in bis mathernaticw manipulations,” 
—Schoolnaster. 


Mensuration of the Simpler Figures. By WILLIAM rica. M.A, 
K.R.A.S., and T. W. EpMoNnpson, B.A. Lond. and Camb. 2s. 6d. 


Statics, Text-Book of. By WitLiAM Briaas, M.A., LL.B. F LALS., 
and G. H. BRYAN, M.A, 18. 6d. 


Trigonometry, A Text-Book of. [Zn preparation, 


Trigonometry, Synopsis of Elementary. Interleaved. 18, 6d. 


‘© An admirable little handbook.’ —-Lyccum. 
‘* For its purpose no better bouk contd be recommended.”—ducational News 
‘‘Pithy definitions, numerous formule, and terse oxplanatory notes.” —Sciuwu- 


master. 
‘‘'The facts could hardly be bettcr given.” —Freeman’s Journal. 
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Sciences. 


Biology, Text-Book of. By H. G. Wrutus, B.Sc. Lond., F.C.P. 
With an INTRODUCTION by Prof. G. B. Howks, F-.I.8., F.Z.S. 


PART I., Vertebrates. Second Edition. 6s. 6d. 
PART II., Invertebrates and Vlants. 6s. 6d. 


‘‘The Zext-Book of Biology is a most useful addition to the series already issued 3 
it is well arranged, and contains the matter necessary for an elementary course of 
vertebrate zoology in a concise and logical order.”—Journal of Education. 

‘* Mr. Wells’ practical experience shows itself on every page ; his descriptions are 
short, lucid, and to the point. We can confidently recommend it.”— Aducational 
Times. 

‘*The numerous drawings, the well-arranged tables, an 1 the careful descriptions 
will be of the utmost value to the student.”—Schoolmaster. 

“Mr. Wells deals with everything he ought to deal with, and touches nothing 
that he ought not to touch, For the higher forins of Modern Side we commend 
this text-book without reserve; for the special student of biology we urge its use 
with enthusiasm.” — Aducational Review. 


Analysis of a Simple Salt. With a Selection of Model Analyses. 
By WILLIAM briacaes, M.A., LL.D., F.C.8., and R. W. STEWART, 
D.Sc. Lond. Third Edition, with TABLES oF ANALYSIS (on 
linen). 2s. 6d. 

‘Likely to prove a useful and trustworthy assistance to those for whom it is 
especially intended.”— Nature. 

“Every help that can be given, short of oral instruction and demonstration, is 
here given 5 and not only will the private student find this a welcome aid, but the 
class-master will be glad of the help furmished by Messrs. Briggs and Stewart, 
whose names are a guarantee of accurate informmition.”’—Bdueatoon, 

‘Its treatment of the subject in hand 1s very thorongh, and the method is on 
sound lines.” —Schooliaster. 

‘The selection of model analyses is an excellent feature."—Bducational Times. 


Elementary Qualitative Analysis. By the same Authors. 1s. 6d. 


Chemistry, Synopsis of Non-Metallic. With an Appendix on Calcula- 
tions. By WILLIAM Briaas, M.A., LL.B., F.C.S. Interleaved. 
1s. 6d. 

‘““The notes are very clear, ani just the thing to aasist in the revision of the 
subject." — Literary Opinion. 
‘* Arranged in a very clear and handy form."—Journal of Education. 


Heat and Light, Elementary Text-Book of. By K. W. STEWART, 
D.Sc. Lona. Second Kdition. 3s. 6d. 


This book contains 141 Diagrams. 


“* A student of ordinary ability who works carefully through this book need not 
fear the examination.” — 7'hke Schoolinaster. 

‘Tt will be found an admirable text-book.” —Aducational News. 

‘* A well-printed and well-illustrated book. Itstrikes us as a trustworthy guide, ' 
— Practical Teacher. 

‘* A welcome addition to a useful series.” —School Guardian. 
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Sclences—continued. 


Magnetism and Electricity, Elementary Text-Book of: Being an 
Abiidgment of the Zewt-Book of Mugnelism and Llectricity, with 
143 Diagrams and numerous Questions. By R. W. Stewart. 
D.Sc. Lond. 3s. 6d. 
* Plain and intelligible. It isa capital example cf what a evod text-book should 
be.” - Educational News. 
‘Wall prove to be particularly helpful to students in general.’—Sewnce and Art. 
‘We can heartily recoinmend it to all who need a teat-book. '-— Luce. 
‘This is an adinirable volume... . A very good point is the number of worked- 
out examples.”—- Zeachers’ Monthly. 
** Lieuves little to be desizxed.”—Aducational Z'umes. 
‘* Another of his excellent text-books.”—Nature. 


THE TUTORIAL PHYSICS. 


I. Sound, Text-Book of. By E. CarcHPooL, B.Sc. Lond, 
(In the press. 


IJ. Heat, Text-Book of. With Sl Diagrams and numerous Calcula- 
tious. By lt. W. Srewart, D.Sc. Lond. Second Ldilion, 38. 6d, 

“Clear, concise, well arranged and well illustrated, and, as far as we have tested, 
accurate.”—Journal of Education. 

‘Distinguished by accurate scientific knowledge and IJucid explanations,” — 
Educational Times. 

“The principles of the subject. are clearly set forth, and are exemplilicd by care- 
fully chosen examples." —Oxjord Magazine. 


Ill. Light, Text-Book of (uniform with the Text-Book of Heat), With 
111 Diagrams and numerous Calculations. By R. W.Srewart, 
D.Se. Lond. Second Ldition. 38, 6d. 

“Tho diagiams are neat and accmate, the punting excellent, and the arrange- 
ment of the matter cle.r and precise."”—Fractical Teacher. 

“The volumes (Light and Heat) wil be found well adapted for general use by those 
students who have already mastered the first principles of physics. The sujet» are 
treated both mathematiculy and expurimentally, and the most important fe’ wets 
are illustrated by diagrams and figures "—School Guardian. 


1V. Magnetism and Electricity, Text-Book of. With 15) D.-iams. 
By RW. Stewart, D.Sc. Lond. Second Edition. 68. 64. 
Will be found suitable for general use as au introduction to the suily of 
electrical science.’”’—Jron. 
“Tt is thoroughly well done.” Sehoulmaster. 


‘The author has beon very successful m making portions of the work nut 
ordinarily regarded as elementary appear to be so by his simple exposition of them.” 
—Teuchers’ Monthly. 
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Directories. 


Matriculation Directory, with Full Answers to tne Examination 
Papers. CVo. YVTL. will be published during the fortnight fol- 
lowing the Examination of January 1895.) Nos, VI., VII., IX., 
X., AL, XID, XIIT., XIV., XV., and XVI. 1s. each, net. 

Intermediate Arts Directory, with Fall Answers to the Examination 
Papers (exccpt in Special Subjects for the Year). (Wo. VII. 
will be published during the fortnight following the Examina- 
tion of July 1895.) No. 11, 1889 (with the French Honours 
Papers) to No. VI., 1893, 1s. 6d. each, net. 

Inter. Science and Prelim. Sci. Directory. (Vo. V. will be published 
during the fortnight following the Eaamination of July 1895.) 
No. T. (1890) to No. IV. (1893), 28. 6d. cach, 2e¢. 

B.A. Directory, with Full Answers to the Examination Papers 
(except in Special Subjects for the Year). No. I, 1889; II., 
1890; III, 1891. 28. 6d. each, wet. No. IV., 1893 (with Full 
Answers to tle Papers in Latin, Greek, and Pure Mathematics). 
28. 6d. net. (No. Vi will be vublished in November 1895.) 


Che University Correspondent 


AND 


UNIVERSITY CORRESPONDENCE COLLEGE MAGAZINE. 
Issued every Saturday. Price 1ld., by Post l4d.; Half-yearly 
Subscription, 3s.; Yearly Subscription, 5s. 6d. 


THE UNIVERSITY Coununuene. T has a wide circulation among 
Graminar and Middle Class Schools, and, as a weekly journal, offers 
an excellent medium for Advertisements of Posts VACANT AND 
WANTED; no charge for these is made to Yearly Subscribers. 


LHADING FEATURES OF © THE UNIVERSITY CORRESPONDENT,” 
ortnightly Prizes of One Guinea, 

. Frequent Vigilance Prizes (One to Three Guineas). 

. Special Prizes (One to Five Giiineas). 

. Hints and Answers to Students reading for London University, 

. Answers to Correspondents on all University Matters. 

Papers set at London University Hxaminations, 

Full Solutions to Matriculation Papers. 

. Pass Lists of Lundon University Examinations, 

. Calendar of London University KHvents. 

. Latest University News. 

. Test Papers (with Ansivers) for London Matriculation, 

. A Series of Articles on the Universities of the United Kingdom, 

. Ladies’ Column. 

. Reviews of Current Educational Literature. 

. List of Educational Books published during the month, 
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